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ABSTRACT
The sweeping processes correspond to several important mechanical problems. Therefore, the existence theorems 
of solutions for sweeping processes have been attracted the attention by many authors.
In this paper, we aim to prove existence theorems concerning the existence of solutions for functional differential 
inclusions governed by sweeping process with non- compact valued perturbations.
Depending on a discretization technique used in recent papers, we prove two new existence results of solutions for 
first and second order functional differential inclusions governed by sweeping process with non- compact valued 
perturbations, where the moving set is a multifunction depending on time and state and with nonempty closed 
uniformly ρ-prox-regular values. We do not assume that the values of the moving set are contained in a fixed 
compact subset. In addition, our technique allows us to discuss some sweeping process problems with noncompact 
perturbations.
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INTRODUCTION 
Moreau, 1979, initiated the existence of 
solutions for sweeping processes. Since 
then, important improvements have been 
developed by weaken assumptions in order 
to obtain the most general result of existence 
for sweeping processes, see (Thibault, 2003, 
Castaing, et al. 2009, Aitalioubrahim, 2012, 
Gomaa, 2013, Haddad and Haddad, 2014).
Let 0r > , ([ ,0], )rC C r H= −  be the Banach 
space of continuous functions from [ ,0]r−
to H endowed with the uniform norm, 

, :[ ,0] 2HK r HΓ − × →  multifunctions with 
nonempty, closed and uniformly ρ-prox-

regular values )0( >ρ , : 2H
rF I C× → a 

multifunction with closed and convex(not 
necessarily compact)values. For each 
t I∈ , define ( ) : ([ , ], ) rt C r t H Cτ − → by

( ( )) ( ) ( ), [ ,0].t g s g t s s rτ = + ∀ ∈ − Let , rCΨ Φ∈
be fixed two functions. Consider the 
following first and second order nonconvex 
sweeping processes with delay:

and
                               

Several authors under different assumptions 
have studied the existence of solutions for 
the problems(1) and (2). For example: 
Chemetov and Monteiro Marques, 2007, 
considered the problem(1) without delay and 
whenΓ  taking a closed uniformly ρ-proxy 
regular (ρ>0) values and F  is Crartheodary 
with compact convex values. Castaing 
(2009), established the existence of solutions 
for the problem (2) without delay and in the 
case when K is a Lipschitz multifunction 
with closed uniformly ρ-proxy regular 
(ρ>0) values, and : 2HF I H H× × →  is 
upper semi continuous with nonempty 
convex compact values. Aitalioubrahim, 
2012, considered the problem(1) when 

: 2HIΓ →  is a multifunction (Γ depends 
on the time only) and taking nonempty 
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compact, uniformly ρ-proxy regular (ρ>0) 
values in H .  Haddad (2013), established 
the existence of solutions for the problem(1) 
without delay and when Γ  is a Lipschitz 
multifunction with closed uniformly ρ-proxy 
regular (ρ>0) values such that ( , ) ,t x ZΓ ⊆  
for all ( , )t x I H∈ × for some fixed compact 
set Z , and F is a convex weakly compact 
valued multifunction. Haddad and Haddad 
(2014), considered the problem(1) when the 
values of F are convex and weakly compact 

and for any convergent sequence ( )nt  in I  
and for any bounded set A H⊆ , the set 

{ ( , ) : 1, }nt x n x AΓ ≥ ∈  is ball compact. 
Noel and Thibault (2014), established the 
existence of solutions of the problem(1) 
without delay and the values of Γ are 
closed uniformly ρ-proxy regular (ρ>0) and 
ball compact. For other contributions on 
differential inclusions, see (Gomaa, 2013).
Motivated by these works, in this paper, 
we prove the existence of solutions 
of (1.2) and (1.3) in the case when 

, :[ ,0] 2HK r HΓ − × →  are multifunctions 
and taking a closed ρ-proxy regular (ρ>0) 
values in H  (not necessarily ball compact), 

and : 2H
rF I C× →  is a multifunction with 

nonempty closed (not necessarily compact) 
values. We assume that neither the values 
of Γ  nor the values of K are contained in a 
fixed compact subset. Instead, we suppose 
that both Γ  and K satisfying a condition 
contains a measure of noncompactness. In 
addition, our technique allows us to discuss 
some sweeping process problems with non-
compact valued perturbations.

MATERIALS AND METHODS
In order to achieve our goals we use the 
discretization technique used in Castaing et 
al. (2009), and Aitalioubrahim (2012), with 
the following known definition and facts:
Definition 2.1. (Edmond, and Thibault, 
2006)  “If S  is a closed subset of H and
x H∈ , then the proximal normal cone of S 

at x  is defined by:

( ) { : 0 ( )}p
S SN x y H such that x P x yλ λ= ∈ ∃ > ∈ +

where ( )SP z  is the projection of the point z
on S.” 
It is known (see for example, Castaing et al. 
2009, Haddad, 2013, ) that “

( ) ( )p p
S SN x xψ= ∂ , where ( )p

S xψ∂  is the 
proximal subdifferential of the indicator 

 function ( )S xψ  of S, i.e. ( ) 0S xψ =  if 
x S∈  and ∞  otherwise”. 
Definition 2.2 (Edmond, and Thibault, 2006) 
“For a given ]0, ]ρ ∈ ∞ , a subset S  is said to 
be uniformly ρ-prox-regular, if and only if 
every nonzero proximal normal vector can 
be realized by a ρ-ball”.
For more information about uniformly 
ρ-prox-regular sets, we refer the reader to 
(Edmond, and Thibault, 2006, Castaing 
et al. 2009, and Haddad, 2013).
Lemma 1. (Edmond, and Thibault, 2006, 
Castaing et al. 2009, Haddad, 2013). “Let 
S be a nonempty closed subset in H . The 
following assertions are satisfied.

1. For any x S∈ , ( ) ( )p p
S SN x B d x= ∂ , where 

the function ( )Sd x  is the distance function 
and { :|| || 1}B x H x= ∈ ≤ .
2. If S  is uniformly ρ-prox-regular subset 
in H where ]0, ]ρ ∈ ∞ , and x H∈ such that

( )Sd x ρ< , then

      (i) ( )SP x  is a singleton.

         (ii) ( ) ( )p c
S Sd x d x∂ = ∂ , where, ( )c

Sd x∂  
is the Clark subdifferential. So, in such case 
the subdifferential is a closed convex subset 
in H.”
As a consequence of (ii) we get that for 
nonempty closed uniformly ρ-prox-regular 

sets S and x H∈ such that ( )Sd x ρ< , then

( ) ( )p
S SN x N x= .

Lemma 2. (Prop. 2.2. Haddad, 2013). “Let
]0, ]ρ ∈ ∞ , Ω  be an open subset in H , and 

C  be a Hausdorff continuous set-valued 
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mapping defined on Ω  and with nonempty 
closed uniformly ρ-prox-regular values in
H . Then, for a given η∈ (0, ρ) the following 
holds: for any z ∈Ω , ( ) ( )x C z Bρ η∈ + −

, nx x→  nz z→ with nz ∈Ω  and 

( ) ( )
n

p
n C z ny x∈∂ such that ( )ny

converges weakly to y  one has ( ) ( )p
C zy x∈∂

.”
Lemma 3. (lemma 3.2, Zhu, 1991). “Let X  

be a separable Banach space, :[ , ] 2XG a b →  
a measurable multifunction with nonempty 
closed values and :[ , ]z a b X→  a 
measurable function. Then, for any 
measurable function :[ , ] [0, )r a b → ∞ there 
exists a measurable
selection g  of G  such that 
|| ( ) ( ) || ( ( ), ( )) ( ), . . [ , ].g t z t d z t G t r t a e t a b− = + ∈

RESULTS
In this section we prove two existence results 
of solutions for the problems (1) and (2).
1-Existence result of solutions for the 
problem(1).
Theorem 1. Let H be a real separable Hilbert 
space, HHI 2: →×Γ  be a multifunction 
with nonempty closed uniformly ρ-prox-

regular values and H
rCIF 2: →×  be a 

multifunction with nonempty closed values. 
We assume the following conditions:
(H1) There is a positive real number k such 
that: 
(H2) There are two constants 01 >L  and 

)1,0(2 ∈L  such that for all Ist ∈,  and 
Hvux ∈,,

.|||||||)()(| 21),(),( vuLstLxdxd vsut −+−≤− ΓΓ

(H3) For any It∈  and any bounded subset 
A in H with 0)( >Aχ  and any 0>r  one has, 

where, χ  is the Hausdorff measure of 
noncompactness on H.
(H4) For any ,rC∈ψ  the function 

),( ψtFt →  is measurable and there is 

),( 01 ≥∈ RILm  such that for any It∈  and 
,, 21 rC∈ψψ
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We put ),0()0( 00
nn xx Γ∈=ψ  and

Let us show that nx1  is well defined. By (H2) 
and (H5) we have 

As ),( 00
nn xtΓ  is uniformly ρ-prox-regularity, 

by Lemma 1 and (8), nx1  is well defined. 
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nn xtt∈ ,
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0Nn ≥∀ . So by using (28) and (29) one 
obtains

which is a contradiction. Therefore, for any 

It∈ , the set { }0:)( nntun ≥  is relatively 
compact. By applying Th. 4, Ch. 1 in (Aubin, 
and Cellina,1984), there is a Lipschitz 
function HIu →: , such that the sequence 

0
)|( nnInu ≥ has a subsequence, still denoted 

by 
0

)|( nnInu ≥ , converging uniformly to u. 
We extend the definition of u on ],[ Tr−  by 

putting )()( ttu ψ= , ]0,[ rt −∈ . Thus 2)( ≥nnu  
converging uniformly to u on ],[ Tr− . In 

addition, by (3.18), the sequence 
0

)( nnnu ≥′  

is uniformly bounded in ),(2 HIL . Hence, 
without loss of generality, we may suppose 

that there is ),(2 HILz∈  such that zun →′  

weakly in ),(2 HIL . Then, for each It∈ , 

.

Thus     zun =′ , a.e. So, nu′  converges weakly 
to u′ .
Step 4. In this step we prove that :

. )),(,()( Ittuttu ∈∀Γ∈  Let It∈ . By (H2) 
we have

As ∞→n , the right hand side tends to zero, 
hence ))(,()( tuttu Γ∈ .
Step5. In this step we show that the sequence 

0
)))((( nnnn ut ≥δτ converges to ut)(τ , for 

every It∈ . Let It∈ . We have
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
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By the continuity of Ψ , the uniform 

convergence of nu  towards  u  and 
the preceding estimate, we get 

0||)())((||lim =−
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τδτ .
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It∈ .To prove this, let 0nn ≥  and It∈  
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satisfied and the function m  is finite almost 
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Since ttnn
=

∞→
)(limδ , m is finite and 

0
)))((( nnnn ut ≥δτ converges uniformly to ut)(τ

, then the right hand side of the last inequality 
tends to zero when.                     Hence, for almost 

It∈ , the sequence 1))(( ≥nn tg  is a Cauchy 
sequence in H. Thus there is a function 

HIf →:  such that )()(lim tftgnn
=

∞→
, a. 

e. It∈ .
Observe that, by (H5) we have for almost 

It∈ ,
3 3 3 2|| ( ) || (1 ( ( )) (0)) (1 ( ( ))) (1 || (0) || ).n n n n ng t L t u L u t L Tτ δ δ γ≤ + = + ≤ + Ψ +

Then, ),(1 HILf ∈ . It remains to show that 
))(,()( uttFtf τ∈ , for a.e. It∈ . Indeed, for 

every 0nn ≥  and It∈ , we have by(H5)

Since ng  converges to f almost everywhere 
and since m is finite almost everywhere, then 
by step 5, we conclude that ))(,()( uttFtf τ∈
, a.e. It∈ .
Step 7. In this step we show that: 

( , ( ))
( ) ( ) ( ( )),  . .  .

t u t
u t f t N u t a e t I

Γ
′− − ∈ ∈

We apply the technique used in (Castaing, et 

al. 2009). Using the facts that 
0

)( nnnu ≥′  

Converges weakly to u′  and )(tfn  converges 
almost everywhere to f, and by Mazur’s 
Lemma, we get

For almost It∈ . Let It∈  such that (30) is 
satisfied and Hv∈  be a fixed point. So 

>−′−<>≤−′−<
≥≥

)()(,supinf)()(,
2

tftuvtftuv kk
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From this inequality with (5)(v) and Lemma 
1, one obtains

Next, let us show that Γ  is continuous. 
Indeed, for any HIxtxt ×∈),(),,( 2211 , and 
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continuous. Therefore, in virtue of  Lemma 
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Theorem 2. Let H be a real separable Hilbert 
space, HHIK 2: →×  be a multifunction 
with nonempty closed uniformly ρ-prox-

regular values and H
rCIF 2: →×  be a 

multifunction with nonempty closed values. 
In addition to the conditions (H1),(H4) and 
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( ( ), ( , ( ) )) || ( ) ( ) || ( ( ), ( , ( ) ))
|| ( ) ( ) || ( ( , ( ( )) ), ( , ( ) )))
|| ( ) ( ) || ( ) || ( ( )) ( ) || .

n n

n n n

n n n

d f t F t t u f t g t d g t F t t u
f t g t h F t t u F t t u
f t g t m t t u t u

τ τ
τ δ τ
τ δ τ

≤ − +
≤ − +
≤ − + −

0

( ) ( ) { ( ( ) ( ) : }, (30)k k
n n

u t f t Co u t f t k n
≥

′ ′− − ∈ − − ≥

1 ( ( ), ( ( ))), ( ) ( ) limsup , ( ( ( ))) . (31)
n n n

P
t u t n n

n
v u t f t v d u tθ δσ γ θΓ

→∞
′< − − >≤ < ∂ >

.|||||||)()(|)( 122121),(),(),( 112222
xxLttLzdzdzd xtxtxt −+−≤−= ΓΓΓ

∞→qn,

 

.))((,)()(, ))(,(1 >∂<>≤−′−< Γ tudvtftuv tut
Pγσ

 

)())),(( ArBAtK χχ <



Nonconvex sweeping process with non-compact valued...            Ahmed G. Ibrahim and Feryal A. ِAladsani

26

satisfied.

Proof. Let 20 ≥n  be such that

Using the same lines of first two steps in the 
proof of Theorem1, there are three sequences
                                 

                                   , 

and ),()( 1
0

HILg nnn ⊆≥ such that:

( ) ( )np t t= Φ  and ( ) ( )nu t t= Ψ , for ]0,[ rt −∈  
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and
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Thus, the uniformly ρ–prox-regularity of 
the values of K and Lemma1, ensure the 

existence and uniqueness of n
ix 1+ . 

Now, let us show that there is 1η  such that 
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be a fixed point. From (H6), one obtains for 

every 0nn ≥ ,

      
This relation together the fact that 

)))((),(())(( tptKtu nnnnn θθθ ∈ , It∈  yields

where                          . Let             .                          
Since               , we can find a 
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Thus zu =′ , a.e. so, nu′  converges weakly 
to u′ .
Step 2. Let us define HTrp →− ],[:  as 
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Since, )( nu  converges uniformly to u on I, 
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Step 3. Our aim in this step is to prove that: 
))(,()( tptKtu ∈ , It∈∀ . Let It∈ . By (H2)
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This completes the proof.

DISCUSSION
In this paper, existence results of solution 
of functional sweeping processes of first 
and second order in Hilbert space with 
noncompact perturbation have been 
established. Some sufficient conditions 
have been obtained. The importance of 
this work is the values of the perturbation 
are not necessarily compact. Moreover, the 
values of the moving set are not contained in 
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a fixed compact set. We would like to refer 

that, in order to show that the sequence ( )nu
has a convergent subsequence, (Castaing 
et al., 2009) assumed the condition: For any 
bounded and for any convergent sequence 

( )nt  in [0, ]I T=  and for any bounded set 

A H⊆ the set { ( , ) : 1, }nK t x n x A≥ ∈  
is ball compact. It is easy to see that this 
condition implies (H₇).
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عملية ك�سح غير محدبة با�ضطراب غير مترا�ص مع ت�أخير
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الملخص
ــائل  ــول لمس ــود حل ــات وج ــوا بنظري ــن اهتم ــن المؤلف ــد م ــإن العدي ــك ف ــة. لذل ــة مهم ــائل ميكانيكي ــا مس ــح يقابله ــات الكس إن عملي

كســح.
ــدة مــن عمليــات كســح؛ حيــث تكــون المجموعــة  ــة متول ــة دالي ــواءات تفاضلي هــذا البحــث يبرهــن نتائــج وجــود حلــول تخــص احت
المتحركــة دالــة ذات قيــم مجموعيــة مغلقــة لكنهــا ليســت بالــرورة محدبــة وتعتمــد عــى متغيريــن مــع وجــود اضطــراب ذي قيــم ليســت 

بالــرورة متراصــة.
ــل  ــود ح ــان وج ــة لض ــروط الكافي ــص ال ــن، الأولى تخ ــن جديدت ــن نظريت ــة نبره ــاث حديث ــتخدمة في أبح ــة مس ــى تقني ــادًا ع واعت
لاحتــواء تفاضــي مــن الرتبــة الأولى ومتولــد مــن عمليــة كســح حيــث تكــون المجموعــة المتحركــة دالــة ذات قيــم مجموعيــة مغلقــة لكنهــا 
ــة فنعطــي  ــم ليســت بالــرورة متراصــة. أمــا في الثاني ــن مــع وجــود اضطــراب ذي قي ــة وتعتمــد عــى متغيري ليســت بالــرورة محدب
الــروط الكافيــة لضــان وجــود حــل لاحتــواء تفاضــي مــن الرتبــة الثانيــة ومتولــد مــن عمليــة كســح حيــث تكــون المجموعــة المتحركــة 
دالــة ذي قيــم مجموعيــة مغلقــة لكنهــا ليســت بالــرورة محدبــة وتعتمــد عــى متغيريــن مــع وجــود اضطــراب ذي قيــم ليســت بالــرورة 
متراصــة. لــن نفــرض أن قيــم المجموعــة المتحركــة محتــواة في مجموعــة متراصــة ثابتــة كــا في معظــم الأبحــاث، وبــدلا مــن ذلــك ســنفرض 

شرطًــا يحتــوي عــى مقيــاس عــدم الــراص.
علاوة على ذلك فإن التقنية المستخدمة في هذا البحث تسمح بدراسة مسائل عمليات كسح باضطراب وقيمة غير متراصة.

الكلمات المفتاحية: الاحتواء التفاضلي، عمليات الكسح، المخروط العمودي.
         


