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ABSTRACT

In the current research, various nuclear properties energy spectrum, reduced electromagnetic transition probabilities, nuclear moments, and the distributions of
both the nuclear charge and mass density as a function of radial distance from the nucleus center (r) were computed for™*?>9*Sr isotopes' using the
NuShellX@MSU code. The Skyrme (SLy4) potential was utilized to compute the zirconium isotopes' wave functions with mass numbers 90, 92, and 94. By
employing the Gloeckner interaction and bare G-matrix, the computed results showed good agreement with the available experimental information on the
aforementioned nuclear features of all the above isotopes. Additionally, the spins and parities of energy levels were confirmed and determined in accordance
with certain empirical values. Furthermore an acceptable agreement for transition strengthsB(E2; 2§ - 0}) for 29295y, and the dipole magnetic moment of
the ground state in theSr isotope, was observed with the available experimental values. In these calculations, new values were predicted for the above nuclear
properties, which had not been previously determined experimentally.
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1. Introduction

Nuclear shell-model calculations are essential for the theoretical
framework used by both experimentalists and theoreticians to
explain many nuclear structure properties (Salman and Hameed,
2022; Hasan et al, 2021). This microscopic model of the atomic
nucleus is one of the most fundamental nuclear models, presuming
that nucleons occupy discrete energy levels and have specified
angular momentum. In the ground state, an isotope's nucleons will be
in the lowest possible energy state (Lawson, 1980). Isotopes in the
mass region greater thanor equal to 90 provide arare opportunity to
examine the effects of the proton subshell closure at 38 and the
neutron shell closure at 50 on level arrangements. A substantial
number of studies have recognized that the nuclear level
arrangements in the mass region greater than or equal to 90 can be
well defined within the shell-model framework. For instance, many
nuclear properties of certain nuclei have been well identified within
this framework. Heng et al. studied the level structure of the “Nb
isotope using the NuShellX code (Heng er a/, 2019). N. S.
Pattabiraman er a/, (2002) discussed the level structure of Mo,
considering proton subshell closure at 38 and neutron shell closure
at 50. In their study, the configuration space included four proton
orbits (from fst0 gg5) and six neutron orbits (from py; to sq)).
Rainovski er al, (2002) described the high-spin levels of the Ly
nucleus, with computations carried out in the proton orbits (0fs/, to
0go/2)and neutron orbits (1p4,0g0/2,1ds/2), including an extended
configuration with neutrons in the 0g;, orbital using Ritsschil code.
The high levels of these isotopes arose from the configurations of a
single g4/, neutron into the ds; level through the neutron shell closure
at 50. In particular, isotones with proton numbers equal to 38 in the
mass number region of 90, 92, and 94 have been significant topics for
examining the lasting interactions in shellmodel calculations and
two—particle excitations.

The isotopes 909294g, appear to be perfect candidates for such a study

to better interpret the nuclear features of isotopes in the mass region

greater than or equal to 90.

This research aims to perform shellmodel calculations using the
NuShellX@MSU code to describe several nuclear properties of the o
94945, isotopes.

2. Theory

Studying the transition probabilities B(E2) can provide new and
important information about the development of nuclear properties
and the shell-model. The electromagnetic transition from an initial
nuclear level (i), where the nucleus can be at rest, to a final nuclear
level (f), results in the nucleus's momentum in state (f) and the
emitted gamma ray being identical. The electromagnetic transition
between them can only occur when the emitted photon carries away
an amount of angular momentum (¥) such that /¢ = J;+£(Brown,
2005):

Ui = Jf| <€ < Ji +1p ()
Where (J =| ] |).
The gamma transition rate is specified by £ the muItipoIarity(AE), the
transition energy, and a factor that depends upon the details of the
internal nuclear structure(Preetha and Kumar, 2017).The
electromagnetic transition probabilities of B(E2) andB(M1)of the
transition between initial and final statesJ; and J; may be given

according to the following formula (Aghahasani et al, 2022; Obeed,
2021):

B(E2:Ji-Jy) = Gy WMy 1 Qo))

B(MLiJi-Jy) = s | Mel ), @)

where(Q),and M are operators of the nuclear moments.
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Electric quadrupole moments are another essential quantity to
characterize the nuclei's shapes, which are linked to the intrinsic

quadrupole moments by the following relationship (Obeed, 2021):

_ 3K%*-j(J+1)
QSUK) - (2]+3)-U+1) Qor (4)

where Krepresentsthe total angular momentum projection on the
nuclear symmetry axis, is the spin, and Qq is the intrinsic quadrupole
moment.

Intrinsic quadrupole moments are defined according to the following
relationship (Obeed and Hasan, 2021):

167'[

Qo = [z (BEE2)Y?,(5)

whereQ> 0 indicates the prolate deformation shape of nuclei,Qs<0
designates the oblate deformation shape of the isotopes, and Q5 =0
indicates the spherical shape. The magnetic moments are given by the
following formula (Carchidi er a/, 1986):

1 o
1=0=[_ o]*E0l0 M0y

where (]”6 (Ml)”])uN represents the operator of the magnetic

.o e
transition, [y = F_O .1051e.fm,pyis the nuclear magnetons, and
my, is the proton mass.

Here, [ Jo1]
momentum factor, the value of which is given by (Carchidi er al,
1986):

] represents the 3j symbol for the angular

[ J 1 l] [ -y 1°° 7)
=] 0] @I+DI+DEI+3)] 7
The calculations in Eq. (6) require knowing the values of the magnetic

moments(g) factors: gf =1,g} = 5585 forprotons and gi' =
0,g¢ = —3.826 for neutrons(Heyde and Irvine,1990).

In the calculations, the density distribution of a system containing A
nucleons was calculated and given according to the following
relationship (Roy and Nigam,1967):

Po(r) = Xitile:(P)I%(8)

3. Results and Discussion

In this research, various nuclear characteristics of strontium isotopes
(°9***sr) with neutrons (N = 52, 54 and 56) were calculated using the
NuShellX@MSU code, which is a shell model code written by Bill Rae.
This code can be used to determine the particular energies and
eigenvectors of low states in shell-model Hamiltonian matrix
computations, as well as the magnitude and beta decay, and radial
wave functions were computed using Skyrme capabilities (SLy4) from
the same code (Brown and Rae, 2014) with energetic charge nucleons
and factor (). The Gloeckner space model for the orbitals of the proton
(2p1/2 1g0s2) and neutron (3sy/, 2ds/,) with the Gloeckner interaction
and bare G-matrix was performed for the valence particles (two
neutrons, four neutrons, and six neutrons) of the isotopengSr, 925y and
%y, respectively, outside §§Sr, which is a closed core. Single-particle
energies of a valence nucleon are represented by the values
€2p1/2 (p)=-7.124MeV, €149/, (p)=—6.248,£5,,,, (n) =-5.506 MeV
and, £54,(n)= -6.338 MeV. The calculations and results of each
isotope are discussed in the following sections.

3.1. Energy levels:

The #sr isotope: This isotope has two neutrons scattered in orbits
(3s1/2, 2ds),) over the 88Sr closed core. Figure 1 presents theoretical
and experimental excitation spectra values for the %°Sr isotope. An

agreement was achieved for the ground state (07) of the calculated
energy level, which was compared to the experimental energy level
in the same ground state (0). An acceptable agreement was also
found for theoretical energies values{0.941,1.543, 2.194, and
2.951}MeV associated with the states(total angular momentum and
parity){21, 41,23 and03 }, which were compared with the values
of the experimental energies{ 0.831%%,1.655%7, 1.892%% ,
and 2.971%1%3} MeV (Basu and McCutchan, 2020).Current
calculations have suggested that the state associated with (37 ) with

the experimental energy value 2.207+%

MeV can be confirmed by
the calculated theoretical state (31); this is due to the accepted
agreement of the above energy value with the theoretical energy
value of 2.210 MeV. ltwas noted that there are values of energies and
their accompanying states {from 2.497+6;(2") to 2.927+7;4} MeV in
the experimental data for which no corresponding values appeared
in the calculations. The highest theoretical value for the energy2.951
MeV in the state Ozrwas obtained, while the experimental values are
higher.

Figure1. Comparison between the calculated level energy values and the experimentaldataof the
9Sr isotope(Basu and McCutchan, 2020)
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The®sr isotope has four nucleons (neutrons) dispersed in orbitals
3syand 2ds; over the closed nucleus 88gr. Figure 2 displays the
experimental and theoretical excitation spectra values for the isotope
925t as follows (Baglin, 2012):a complete agreement was found for the
ground state(07) thatis compared to the ground state in experimental
information.A certain extent of predictable agreement of theoretical
energy values was also found (0.919 and 2.105)between the MeV of
the states 2§ and 1f and the experimental energy
values(0.814*3and 2. 14-0+ 4MeV) in the same states. Through the
calculated theoretical state (37), confirmation of the state
associated(3") with the experimental energy level (2.185%7 MeV) was
obtained; this is due to the acceptable agreement of this level with the
theoretical level(2.169MeV).A probable assertion of the spin only(4)at
the experimental level value (1.673% MeV)was found due to the
acceptable compatibility of this energy value with the theoretical
value(1.561MeV).The parity(+)was confirmed for the experimental
energy value 1.778%13 MeV associated with the spin (4), and the
states(47,0%, 51 and2" )were identified .In terms of the experimental
energy values(2.783%%,2.849%8,2.924%7 and 3.0147¢) these
energies were compatible to an acceptable extent with the theoretical
energy’s values of 2.830, 2.871, 3.002, and 3.213MeV.New theoretical
energy levels(2.179and 3.444 MeV)of the states 23 and 4';were
predicted in these calculations but still have no experimental energy
value for comparison with. There are empirical energy values that have
recently been observed: (1.384f3 29,
(2.053*¢, (2", (2.088%17 0("), (2.527*%, 0, (2.7651%, (57)),
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(2.783%%,.),(2.820%18 2(),(1)),(3.12827 (6"), and (3.55817 (6-
,7-)which have no assessment with theoretical energies values.
Through the current study, it was observed that the highest value of the
theoretical energy was3.444MeV with the state 4%, while higher
values have been observed experimentally.

Figure2. Comparison between the calculated level energy values and the experimental data of the
9Sr isotope (Baglin, 2012)
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The945risotope: This isotope has six nucleons (neutrons) dispersed
in the orbits 3s,,, 2ds/, over the 88Sr closed core. Figure 3 presents
the theoretical and experimental excitation spectra values for the**sr
isotope(Negretand and Sonzogni, 2011).Here , theoretically, the
calculated energy level and its ground state(0*;) were in complete
agreement with the experimental ground state(0°), and there was a
predictable confirmation of the states(3),(2"), and (47) for
experimental  energy levels (1.926™%}, 2.271%1¢  and
2.6037%% MeV ).There was a largely appropriate agreement
between these energies and the theoretical energies values (1.889
,2.237and2.572 MeV). There are empirical energy values with the
state (2.146%1%, 4%, and 2.414*1, (37)MeV )that have recently
been observed and have no corresponding theoretical values.

Figure 3. Comparative between the calculated level energy values and the experimental data of the
%Sr isotope (Negret and Sonzogni, 2011)
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3.2. Electromagnetic transition probabilities B(E2), B(M1):

The results of electric quadrupole transition probabilities were
calculated by selecting the effective nucleon charges of protons and
neutrons as follows: (ep:’l‘830e,en:’l‘66e),(ep:1.772e ,n=1544e
), and ( ep:1.655e,en:1.3le),whi|e the parameter values meters of
the orbital and spin nucleon(g) factors g;(p), gs(n), g:(p)
and g,(n)were equalto(5.027,-3.443,1.671,0671), (5.027,~3.443,
1.02,0.02), and(5.027,-3.443,1.0), which , in turn, were used to
correspondingly calculate the dipole magnetic BM7) for?*92%s,
isotopes. The calculated values of reduced electromagnetic transition
possibilities are listed in Tables 1, 2, and 3 for2092%g, isotopes. These
tables display the £2 and M7 transition for the 05 isotope. The
computed B(E2) transition possibilities were in good agreement with
the experimental data(Basu and McCutchan, 2020),specifica||y for the
strong(£2)decays from 27 state to 07 stateat the value B(E2;2f —
03) = 203.6+33e?fm* , which perfectly agreed with the
experimental data(E2;2] — 0F) = 204.2 e?fm*. The calculated
value for the£2 andMftransition strength valuesB(E2;3f — 27) =
32.3e?fm* and 6.163 x 107242  with transition strengths of
B(E2;31 - 4}) = 306.9¢?fm* were not clearly categorized in
the experimental data (£7, M2 £7) for the corresponding values.

In these calculations, the transition strength was predicted for £2, M7,
and £2The transition strengths £2and M7 for the 92gp isotope are listed
in Table2.This comparison displays that the calculated values in this
study of the transition possibilities agreed with the empirical
formation(Baglin, 2012), especially the(£2)transition
strengths B(E2; 2§ — 01) = 197.6 e?fm* with the experimental
value 197.3 & 3e?fm* In the calculations for£2 and Mtransition
strengths of 13 — 27 of the values302.4 e?fm* and5.13x107
u% were found in comparison to the experimental values of
0.740£16 % fm* and0.125x10°+3 p% respectively. Lastly, Table 3
presents the comparison of the experimental (Negret and Sonzogni,
2011) and calculated (£2and M7) transition strength values for the sy
isotope. These comparisons clarified that theforetold£2 transition
strength from 27 — 0F; 203.8 e?fm* well agreed with the
experimental value 203.1 + § e?fm* .FAalues and Miransition
strengths were calculated for the transitions ( 3 — 2 and 41 -
3}) that created the values 9.498x10" e?fm*, 0.521 u%, and
493e?fm*. These values were unverified in multi-polarity(£7 and
ET+M2)in experimental data, but recent calculations have
predicted E2M7, and F2ransition strengths. Anew electromagnetic
transition of several B(£2|)and BM7|)of ******Sr isotopes was
observed (as shown in Tables 1, 2, and 3), where there were no
observations in the experimental data. More information on the
theoretical knowledge of all isotopes regarding energy levels and
electromagnetic transitions will be added.

babilitie:

Table 1. Theoretical comparison between the values of the electr gnetic transition pri
for positive-parity spin states in the®Sr isotope and empirical values (Basu and McCutchan, 2020).

Theoretical Results Experimental Results
S Ir @2 D@ fm ] (BMI DGR [meiporariy | (BE2 ) (fm] (BM1 D(ik)
27 > 0f 2042 | E2 2036+ 35 | —
47 - 27 1593 | E2 1245+ 31
37 > 27 3236 6.163x 107 (E1,(M2)) >287x10° |
37 > 47 3069 | - (E1) >1988x10° [ = -

Table 2. Theoretical comparison between the elect gnetic transition p ies for positive-
parity spin states in the®’Sr isotope and experimental data (Baglin,2012)

Theoretical Results Experimental Results
S T BEZ D@ m®] (BMA 1) G [mulipelarity | (BE2 1) (& fm] (BM1 DG
27 - 07 1976 | E2 1973+3 |
47 - 27 5751 | B2 | - | =
17 > 2f 3024 5.13x102 E2+M1 0.740+1% 0.125x102 £ 3
3f - 27 37.72 349x102 | - | |
37 > 4f 4056 | - | — | |
37> 17 04 | | = | | -
51 - 47 156.3 0.1584x102 |  — |  — |  —
57 - 37 1293 | — [ | = ]
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Table 3. Theoretical comparison between the electromagnetic transition probabilities for positive-
parity spin states in the®'Sr isotope and experimental data (Negret and Sonzogni, 2011)

Theoretical Results Experimental Results
Ji=lr TG D (e2fm*] (BM1 1)(s3)| multi-polarity | (BE2 1)(e2fm®) (BM1 1)(u3)
2t > of PIEX- T - E2 2031+F [
3t > 2f | 9.498x10” 05212 © | — | —
4% > 2} 1375 | 2 | — | =
4% - 3} 1493 | m1+e2) | — |

3.3. Electric quadrupole and magnetic dipole moments:

Nuclear shape is a fundamental property of the nucleus that
describes nuclear structure and many nuclear properties. The current
research contains the nuclear moments (Q,) and (l) of ******sr
isotopes, which were calculated and are shown in Table4.The electric
quadrupole momentwas calculated for all isotopes using shell-model
calculations, but there are, yet no observations in the experimental
data. Through these calculations, itwas observed that the quadrupole
electrical moment of the *°Sr isotope at the2, 47, and37 states, as
well as the states2], 3T, and57 in the *Sr isotope exhibited negative
signs representing the dominance of the oblate shape. Moreover, the
state 47 in the *’Sr isotope and the 2}, 47, and37 states of the *Sr
isotope appeared with positive marks representing the prolate shape
dominance of these states. Table 4 shows the calculated results of
dipole magnetic (1) moments of the Srisotope. This indicated that
the 27and 47 states had values of 0.241 U and —0.6081y,which
were predicted in reasonable agreement with the experimental
data(Basu and McCutchan,2020) :-0.24 4 22y and -0.08 + S8y
ofthe Zfand 4{ states, respectively. In this study, the calculations
yielded many values of dipole magnetic (i) moments of 909294,
isotopes, such as (37, —2.102) uy for the®Sr isotope(2;"-1.365)
(4,',-2.689),(3,"-3.403),(1,"-0.02) and (5,"4.749) ( L) for the’*Sr
isotope. Finally, 21 , 3], and 4f for the %S¢ isotope were
underestimated empirically, with values of -0.743, -3.443, and
—2.754, respectively.

Table 4. Theoretical comparison between the values of the nuclear moments in ***>%Srisotopes and
empirical data using Gl model space.

Theoretical Results Experimental Results
Isotopes (Q) (efm2)
Ih 25 ) | (Q (efm2) )
—0.24+ 32
27 -0.35 -0241 | -
(Basu and McCutchan, 2020)
904 _ 68
s 4 -21.05 0608 | 0.08% 65
(Basu and McCutchan, 2020)
37 -26.31 -2102 | e e
27 -24.15 -1365 | - | e
4% 18.75 -2689 | e
2S¢ 37 -1.57 -3403 | -— |
17 0 0.02
57 -4.37 -4749 | | e
27 28.81 -0.743 | -
%4sr 37 20.86 -3443 | -
4% 16.68 2754 | | e

Q=21.41. 3157

3.4. Density distributions of charge and mass in nuclei:

90,92,94
f Sr

The nuclear charge and mass density distributions o
isotopes were calculated and are shown in Figures 4, 5, and 6,
respectively. These figures illustrate charge density distribution

909294¢ . - .
values of Sr isotopes, which were centered at the nucleus

midpoint with values of Pg= {0.07981, 0.08165, and 0.08358}
Ze/fm'3remaining stable at the specified distance r=0.1fm. These

90,92,94

values for Srisotopes continued to decrease until they stabilized

at zero at a distance r=7.9 fm. The mass density distribution in
909294g, isotopes were in the nuclei midpoint at the value p,=
{0.1614,0.1642, and 0.1670} nuclei/fm>. These values remained
stable at r = 0.1 fm. However, at a distance of r =0.2fm, these values
increased to 0.1617,0.1645, and 0.1673 nuclei/fm > These values

continued to progressively increase up to the radial distancer

=13,14, and 1.5 fm at the values0.1684,0.1718, and 0.1752

e -3¢ 90,92,94
nuclei/fm “for

Srisotopes, respectively. Subsequently, the mass
density distributions of the studied isotopes started to decrease at
distances of 1.4,1.5, and 1.6 fm, reaching values of 0.1683, 0.1716,
and 0.1750nuclei/fm> for the “*°*%sy isotopes. These values
continued to decrease until stabilizing at zero at a radial distance of r
=7.9fmforall isotopes under observation in the current study. There
is, as yet, no experimental data for the distributions of the nuclear

90,92,94

density of charge and mass for Sr isotopes for comparison with

the present calculations.

Figured. Density distributions of nuclear charge and mass as a function ofradial distance from the
midpoint of the **Sr isotope

0.2 T

p ()

4 5 & z s o
r (fm)

Figure 5. Density distributions of nuclear charge and mass contrary tothe radial distance from the
center of the *’Srisotope

4
r (fm)
Figure6.Density distributions of nuclear charge and mass in contrast to the radial distance from the
center of the *Srisotope

4. Conclusions
From the calculated results, the following can be concluded:

®  Absolute agreement was observed between theoretical and
experimental energy values, particularly for the ground state levels of
90.9294g, isotopes.

®  Apositive parity of the 925 isotopes was confirmed for one level of the
empirical energy value.

®  The states (total angular momentum and valence) of some levels in
the 92Sr isotope were determined for undetermined experimental
energy levels.

®  There was a strong agreement between the calculated quadrupole
transitions and empirical data, especially evident in B(E2 ;271 —
01)of the ©°92%sr isotopes.

®  The current calculations revealed the electric quadrupole and dipole
magnetic moments. It was predicted that the ground band energy
states exhibit an oblate shape for’92sy isotopes, except for one level
in the 2Sr isotope, which has a prolate shape. The shape of the*Sr
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isotope is expected to be prolate, which led to the conclusion that the
shape of some regions of the nuclear striatum is affected by structural
influences and could change from one isotope to another neighbor. In
addition, it was found that the shape changes with the number of
neutrons and can also change with the excitation energy or state
within the same nucleus. These variances occur due to the
rearrangement of the structure space of the valance particles or to the
dynamic response.
(] Density distributions for charge and mass in the isotopes 90.92, 94g,,
were identified; the density distributions were found to be in the
nucleus center for (Ze/fm™3) and po(nu::izn) and started
decreasing until fixed at zero at specific valués. In contrast to the
charge density distributions, the mass density distributions showed
contradictory behavior, starting to increase to certain values and
decreasing until they stabilized at zero at certain values of radial
distance.

®  The Glinteraction and the Gl model space were used to calculate the
aforementioned nuclear properties of the 9092945y isotopes.
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