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ABSTRACT 
 

This paper demonstrates the controllability of two fractional nonlocal impulsive semilinear differential inclusions with infinite delay, where the linear part is a 
fractional sectorial operator and the nonlinear term is a multivalued function. The operator families generated by the linear part are not assumed to be compact. 
The objective is achieved using the properties of fractional sectorial operators and the Hausdorff measure of noncompactness.  The results generalise several 
recent findings, and the method can be used to extend further contributions to cases where the linear term is a fractional sectorial operator and the nonl inear 
term is a multivalued function, in the presence of instantaneous impulses and infinite delays. The novelty of this work lies in initiating the study of the 
controllability of a system involving a fractional Caputo derivative under infinite impulses and delays. An example is presented to verify the theoretical 
developments. Given the wide-ranging applications of fractional calculus in medicine, energy and other scientific fields, this work contributes to those domains. 
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1. Introduction 

Fractional calculus has many applications in industry, energy, fluid 
flow, control theory, electrical circuits, electrochemistry, engineering, 
polymer science, organic dielectric materials, viscoelastic materials, 
rheology, diffusive transport, electrical networks, electromagnetic 
theory and physics (Baleanu and Lopes, 2019; Butt et al., 2023; 
Sudsutad et al., 2024). Many phenomena in real life are characterised 
by sudden changes in state and are modelled by impulsive differential 
equations and impulsive differential inclusions. For example, 
consider the motion of an elastic ball bouncing vertically on a surface. 
The instants of impulses occur when the ball meets the surface and 
its velocity changes rapidly. One of the recent works on this topic was 
presented by Aladsani and Ibrahim (2024). 
Sectorial operators have many applications in partial differential 
equations. In Wang et al. (2015), the existence of mild solutions for 
fractional differential inclusions with fractional sectorial operators, 
impulsive effects and nonlocal conditions was demonstrated. It is 
known that nonlocal Cauchy problems are motivated by physical 
problems and various phenomena, such as nonlocal neural networks 
and nonlocal pollution. Many findings on nonlocal differential 
equations and inclusions have been reported (Hassan et al., 2022; 
Zhang et al., 2019). 

A system is said to be controllable if a control function exists that 
directs the solution of the system from its initial state to its final state. 
This subject is of interest because many control processes can be 
represented as differential equations or inclusions. Approximate 
controllability means that the system can be steered to an arbitrarily 
small neighbourhood of the desired final state. In recent years, several 
achievements have been made regarding exact controllability 
(Almarri and Elshenhab, 2022; Alsaroria and Ghadle, 2022; 
Alsheekhhussain and Ibrahim, 2021) and approximate controllability 
(Varun et al., 2022; Dineshkumar and Udhayakumar, 2022; 
Dineshkumar et al., 2022; Kumar, 2023). 
Wang et al. (2020) studied the finite controllability of Hilfer fractional 
semilinear differential equations, while Chalishajar et al. (2024) 

discussed the null controllability of Hilfer fractional stochastic 
differential equations with nonlocal conditions. Some authors have 
considered the controllability of problems with finite delay (Almarri 
and Elshenhab, 2022; Karthikeyan et al., 2021), infinite delay (Bose 
and Udhayakumar, 2023; Slama and Boudaoui, 2017) and impulses 
(Wang et al., 2019). 
Different kinds of controllability have been investigated when the 
linear part is the infinitesimal generator of a semigroup of operators 
(Wang et al., 2019), a fractional sectorial operator (Alsaroria and 
Ghadle, 2022; Raja et al., 2022), or a fractional almost sector operator 
(Varun et al., 2022). 
Furthermore, some authors have treated problems involving integer-
order systems (Karthikeyan et al., 2021), and others have addressed 
systems with the fractional Caputo derivative (Almarri and 
Elshenhab, 2022; Wang et al., 2019), the Atangana–Baleanu 
derivative (Dineshkumar et al., 2022), the Riemann–Liouville 
derivative (Yang and Wang, 2016) and the Hilfer–Katugampola 
derivative (Hassan et al., 2022). For contributions concerning the 
controllability of problems with nonlocal conditions, see Kumar et al. 
(2020) and Slama and Boudaoui (2017). 
Nonetheless, the number of works in the literature on the 
controllability of problems involving infinite state-dependent delay 
and impulsive effects is limited, particularly when the right-hand side 
is a multi-valued function. To the best of current knowledge, the 
controllability of Caputo fractional differential inclusions generated 
by fractional sectorial operators in the presence of nonlocal 
conditions, impulsive effects and infinite delay has not yet been 
addressed. 
The objective of this article is to examine the existence of mild 
solutions and to study the exact controllability of two impulsive 
fractional differential inclusions with fractional sectorial operators in 
the presence of infinite delay and nonlocal conditions, with the 
following structures: 
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(1)    {

𝐷𝑐 𝑤
𝛾 (𝜗) ∈ 𝐴𝑤(𝜗) + ℱ(𝜗,𝑤𝜗) + 𝑄(℧(𝜗)), 𝑎. 𝑒. 𝑜𝑛 𝑇 − {𝜗1, 𝜗2, … , 𝜗𝑚},

𝑤(𝜗𝑘
+) = 𝑤(𝜗𝑘

−) + 𝐼𝑘(𝑤(𝜗𝑘
−)), 𝑘 = 1,2,… ,𝑚,

𝑤(𝜗) = Ψ(𝜗) − 𝑔(𝑤)(𝜗), 𝜗 ∈ (−∞, 0].

 

and 

(2)     {

𝐷𝑐 𝑤
𝛾 (𝜗) ∈ 𝐴𝑤(𝜗) + ℱ(𝜗, 𝑤𝜗) + (𝑉𝑧)(𝜗), 𝑎. 𝑒. 𝑜𝑛 𝑇 − {𝜗1, 𝜗2, … , 𝜗𝑚},

𝑤(𝜗𝑘
+) = 𝑤(𝜗𝑘

−) + 𝐼𝑘(𝑤(𝜗𝑘
−)), 𝑘 = 1,2, … ,𝑚,

𝑤(𝜗) = Ψ(𝜗) − 𝑔(𝑤)(𝜗), 𝜗 ∈ (−∞, 0],

 

where  𝑚 ≥ 2   is a natural number,   𝛾 ∈ (0,1), 𝑇 = [0,𝜛],𝜛 >
0, 𝐷𝑐 𝑤

𝛾 (𝜗) is the Caputo derivative of order γ (Kilbas et al., 2006), E 
is a real Banach space with 𝑑𝑖𝑚(𝐸) = ∞,𝜔: 𝑇 → 𝐸, 𝐴: 𝐷(𝐴) ⊆
𝐸 → 𝐸 is a fractional sectorial operator as in Wang et al. (2015), and 
the function 𝑤𝜗(𝑠) = 𝑤(𝜗 + 𝑠), 𝑠 ∈ (−∞, 0] , belongs to some 
abstract phase space 𝛽, ℱ: 𝑇 × 𝛽 → 2𝐸  is a multi-valued function 
with non-empty values, 0 = 𝜗0 < 𝜗1 < ⋯ < 𝜗𝑚 < 𝜗𝑚+1 = 𝜛 , 
𝐼𝑘: 𝐸 → 𝐸 (𝑘 = 1,2,… ,𝑚)  are impulsive functions characterising 
the jump of the solutions at impulse points, 𝛹 ∈ 𝛽 and 𝑔: 𝛽𝜛 → 𝛽 is 
a nonlinear function related to the nonlocal condition, and 𝛽𝜛  will be 
defined later. 
In Problem (1), the control function ℧ ∈ 𝐿∞(𝑇, 𝑋), where 𝑋 is a real 
Banach space and 𝑄:𝑋 ⟶ 𝐸  is a bounded linear operator. In 
Problem (2), the control function 𝑧 ∈ 𝐿𝑝(𝑇, 𝑋), 𝑝 >

1

𝛾
 and 

𝑉: 𝐿𝑝(𝑇, 𝑋) → 𝐿𝑝(𝑇, 𝐸)  is a bounded linear operator. The spaces  
𝛽𝜛  and 𝑃𝐶(𝑇, 𝐸) will be defined later. 

 It is worth noting that we do not assume that the operator families 
generated by 𝐴, {𝜅1(𝜗): 𝜗 > 0} and {𝜅2(𝜗): 𝜗 > 0}, are compact, 
and this increases the importance of this work. 
Recently, Alsaroria and Ghadle (2022) studied the controllability of 
Problem (1) without delay, assuming that the operator families 
generated by 𝐴, {𝜅1(𝜗): 𝜗 > 0} and , {𝜅2(𝜗): 𝜗 > 0}, are compact. 
To compare with related work, Alsaroria and Ghadle (2022) 
examined the controllability of Problem (1) in a special case without 
delay, assuming the families of operators generated by 
𝐴, {𝜅1(𝜗): 𝜗 > 0}  and {𝜅2(𝜗): 𝜗 > 0}  are compact. Johnsona et 
al. (2023) showed the existence of a mild solution to Problem (1) 
when 𝑄 = 0.  Raja et al. (2022) obtained sufficient conditions for 
approximate control of nonlinear fractional differential integral 
embeddings of degree 1 <  𝛼 <  2, similar to Problem (1) in the 
case without delay. Wang et al. (2015) showed the existence of 
moderate solutions to Problem (1) when 𝑄 = 0  and there is no 
delay. Furthermore, no studies were found on Problem (2). 
The main contributions of this paper are summarised as follows: 
 A new class of differential inclusions (with the right-hand side as a 

multi-valued function) generated by sectorial operators with infinite 
delay, impulsive effects and nonlocal conditions in infinite-
dimensional Banach spaces is formulated. 

 Unlike other works, such as Alsaroria and Ghadle (2022), this study 
does not assume that the operator families {𝜅1(𝜗): 𝜗 > 0}  and 
{𝜅2(𝜗): 𝜗 > 0}, generated by 𝐴, are compact, thereby increasing the 
importance of the work. 

 The discussions are based on the properties of phase spaces, sectorial 
operators, multi-valued functions, and the Hausdorff measure of 
noncompactness. 

 The existence of mild solutions and the controllability of systems (1) 
and (2) are established. 

 Wang et al. (2015) studied Problem (1) in the special case where  𝑄 ≡
0 and delay is absent. Alsaroria and Ghadle (2022) addressed Problem 
(1) with finite delay, assuming the compactness of the operator 
families {𝜅1(𝜗): 𝜗 > 0} and {𝜅2(𝜗): 𝜗 > 0}. This assumption is not 
adopted in the present study. Therefore, the results generalise 
Theorem 3.1 in Wang et al. (2015) and Theorem 3.4 in Alsaroria and 
Ghadle (2022). 

 The technique presented here can be used to generalise the results 
obtained in Almarri and Elshenhab (2022), Bedi, Varun et al. (2022), 
Dineshkumar and Udhayakumar (2022), Kumar et al. (2022), Salem 
and Alharbi (2023), and Varun and Bose (2023), particularly when the 
right-hand side is a multi-valued function instead of a single-valued 

function and in the presence of instantaneous impulses.  
 Finally, an example is provided to demonstrate the applicability of the 

theoretical results. 

For directions on future work, refer to the Discussion and Conclusion 
section. 
Structure of the paper: Section 2 presents the background material 
required for later development. Section 3 establishes sufficient 
conditions for the controllability of Problem (1). Section 4 discusses 
the controllability of Problem (2), based on different sufficient 
conditions from those in Section 3. Finally, an example is provided. 

2. Preliminaries and Notation 

Let𝑃𝑐𝑘(𝐸) = {𝑍 ⊆ 𝐸: 𝑍 𝑖𝑠 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦, 𝑐𝑜𝑛𝑣𝑒𝑥 𝑎𝑛𝑑 𝑐𝑜𝑚𝑝𝑎𝑐𝑡}, ℕ =
{1,2,3,… }, 𝛱0 = {0,1,2,… ,𝑚} and 𝛱1 = {1,2,… ,𝑚}. 
Let 𝐷(𝐴) = {𝑥 ∈ 𝐸: 𝐴(𝑥) 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑} , 𝜎(𝐴)  its spectrum, 
𝜌(𝐴) = ℂ − 𝜎(𝐴) , and 𝑅(𝜁, 𝐴) = (𝜁𝐼 − 𝐴)−1, 𝜁 ∈ 𝜌(𝐴)  the 
resolvent operators of A.  
For any function 𝑤: (−∞,𝜛] → 𝐸  and 𝜗 ∈ 𝑇 , let 𝑤𝜗: (−∞, 0] →
𝐸; 𝑤𝜗(𝜏) = 𝑤(𝜗 + 𝜏); 𝜏 ∈ (−∞, 0]. 
Let 𝑇0 = [0, 𝜗1], 𝑇𝑖 = (𝜗𝑖 , 𝜗𝑖+1] ; 𝑖 ∈ 𝛱1  and consider the Banach 
space 𝑃𝐶(𝑇, 𝐸) = {𝑤: 𝑇 → 𝐸:𝜔|𝑇𝑖

 is continuous and 𝑤(𝜗𝑖
+) and 

𝑤(𝜗𝑖
−)  are finite for all 𝑖 ∈ 𝛱0} , where ||𝑤||𝑃𝐶(𝑇,𝐸) =

𝑠𝑢𝑝{||𝑤(𝜗)||: 𝜗 ∈ 𝑇}.  Moreover, the Hausdorff measure of 
noncompactness on 𝑃𝐶(𝑇, 𝐸) is given by (Cardinali and Rubbioni 
2012): 
𝜒𝑃𝐶(Υ) = max

𝑖=0,1,…,𝑚
𝜒𝐶(𝑇�̅�,𝐸)(Υ|𝑇�̅�), 

where Υ ⊆ 𝑃𝐶(𝑇, 𝐸) is bounded, 
Υ|𝑇�̅� = {𝑓

∗ ∈ 𝐶(𝑇�̅�, 𝐸): 𝑓
∗(𝜗) = 𝑓(𝜗);  𝜗 ∈ 𝑇𝑖 , 𝑓

∗(𝜗𝑖) =
𝑓(𝜗𝑖

+), 𝑓 ∈ Υ}, 

and  𝜒𝐶(𝑇�̅�,𝐸)  is the Hausdorff measure of noncompactness on 
𝐶(𝑇�̅�, 𝐸) defined by (Kamenskii et al., 2011): 

𝜒𝐶(𝑇�̅�,𝐸)(𝛶|𝑇�̅�) =
1

2
𝑙𝑖𝑚
𝛿→0

𝑠𝑢𝑝
𝑓∈𝛶

𝑚𝑎𝑥
|𝑡−𝑠|<𝛿

||𝑓(𝑡) − 𝑓(𝑠)|| .  

It is known (example 2.1.3 in (Kamenskii et al., 2011) that if  𝑍|𝑇�̅�  is 
equicontinuous, then 
𝜒𝐶(𝑇�̅�,𝐸)(𝛶|𝑇�̅�) = 𝑠𝑢𝑝𝑡∈𝑇�̅�𝜒𝐸{𝑓(𝑡): 𝑓 ∈ 𝛶|𝑇�̅�}, 

where 𝜒𝐸  denotes the Hausdorff measure of noncompactness on E. 
Definition 1. (Hale and Kato, 1978). A phase space is a vector space 
𝛽 consisting of functions  

𝑤: (−∞, 0] → 𝐸, equipped with a seminorm ||. ||𝛽  such that: 
1- If 𝑤: (−∞,𝜛] → 𝐸  is such that 𝑤|𝑇 ∈ 𝑃𝐶(𝑇, 𝐸)  and 𝑤0 ∈ 𝛽, 
the following properties hold: 
𝑤𝜗 ∈ 𝛽, ∀𝜗 ∈ 𝑇. 

There exists 𝐶 > 0 such that ||𝑤(𝜗)|| ≤ 𝐶||𝑤𝜗||𝛽 , ∀𝜗 ∈ 𝑇. 
There exist a continuous function 𝐿1: [0,∞) → [0,∞) and a locally 
bounded function L₂: [0,∞)→[1,∞) such that 
(3)               ||𝜔𝜗||𝛽 ≤ 𝐿1(𝜗) 𝑠𝑢𝑝{||𝜔(𝜏)||: 𝜏 ∈ [0, 𝜗]}

+ 𝐿2(𝜗)||𝜔0||𝛽 , ∀𝜗 ∈ 𝑇. 

2- The function 𝑡 → 𝑤𝑡  is continuous from T into 𝛽. 
3- 𝛽 is complete. 
For any 𝜗 ∈ 𝑇 = [0,𝜛], 𝑡ℎ𝑒 𝑓𝑢𝑐𝑛𝑡𝑖𝑜𝑛 𝑤𝜗: (−∞, 0] →
𝐸; 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑤𝜗(𝜏) = 𝑤(𝜗 + 𝜏). . 
We now introduce the vector space 
𝛽𝜛: = {𝑤: (−∞,𝜛] → 𝐸 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑤0 ∈ 𝛽,𝑤|𝑇 ∈ 𝑃𝐶(𝑇, 𝐸)}, 

endowed with the seminorm ||𝑤||𝛽𝜔 = ||𝑤0||𝛽 +
𝑠𝑢𝑝𝜏∈𝑇||𝑤(𝜏)||.  
Moreover, let 
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ℋ ≔ {𝑤 ∈ 𝛽𝜛: 𝑤0(𝜏) = 0, ∀𝜏 ∈ (−∞, 0]}. 
It may be noted that (ℋ, ||. ||ℋ) is a Banach space, where ||𝑤||ℋ =
𝑠𝑢𝑝𝜗∈𝑇||𝑤(𝜗)||, and the Hausdorff measure of noncompactness on 
it is defined by: 
𝜒ℋ(𝐷) ≔ max

𝑖=0,1,2,…,𝑚
𝜒𝑖(𝐷|𝑇�̅�), 

where 𝐷 is a bounded subset of ℋ. 
Remark that, if ∈ ℋ , then ||𝑤||𝛽𝜛 = 𝑠𝑢𝑝𝑡∈𝐽||𝑤(𝑡)|| = ||𝑤||ℋ . 

Definition 2. (Kilbas et al., 2006) The Riemann–Liouville fractional 
integral of order 𝑞 > 0 with the lower limit zero for a function 𝑓 ∈
𝐿𝑝(𝑇, 𝐸), 𝑃 ∈ [1,∞) is defined as follows: 

𝐼𝑞𝑓(𝜗) =
1

𝛤(𝑞)
∫ (𝜗 − 𝑠)𝑞−1
𝜗

0

𝑓(𝑠) 𝑑𝑠, 𝑡 ∈ 𝑇, 

where the integration is in the sense of Bochner and 𝛤  is the Euler 
gamma function. 

Definition 3. (Kilbas et al., 2006) Let 𝑞 ∈ (𝑘 − 1, 𝑘) and 𝑘  be a 
non-negative integer. The Caputo derivative of order 𝑞  with the 
lower limit zero for a given function 𝑓 ∈ 𝐶𝑘  (𝑇, 𝐸) is defined by 

𝐷𝑐 𝑓(𝜗) = 𝐼𝑞−𝑘𝑓(𝜗) =
1

𝛤(𝑞−𝑘)
∫ (𝜗 − 𝑠)𝑞−𝑘−1
𝑡

0
𝑓(𝑠) 𝑑𝑠

𝛾 . 

    Let us list some properties of the Riemann–liouville integral and 
Caputo derivative. 

Lemma 1.  Let 𝑞 ∈ (𝑘 − 1, 𝑘) and 𝑘 be a non-negative integer. The 
following properties hold. 

1. 𝐷𝑐 𝑞(𝑎) = 0,where 𝑎 is a constant. 

2. If 𝑓 ∈ 𝐿𝑝(𝑇, 𝐸),𝑃 > (1
𝑞
), then 𝐷𝑐 𝑞𝐼𝑞𝑓(𝜗) = 𝑓(𝜗), 𝑎. 𝑒. 𝜗 ∈ 𝑇. 

3.  𝐷𝑐 𝑞
(𝜗𝛽) =

𝛤(𝛽+1)

𝛤(𝛽+1−𝛼))
𝜗𝛽−𝛼^, 𝛽 > 𝑘 − 1. 

4. If  𝑓 ∈ 𝐶𝑘(𝑇, 𝐸), then 

5. 𝐼𝑞 𝐷𝑐 𝑞𝑓(𝜗) = 𝑓(𝜗) − 𝑓(0) − ∑
𝑓⁽ⁿ⁾(0)𝜗ⁿ

𝑛!

𝑛=𝑘−1
𝑛=1 . 

For more information about the fractional calculus we refer to, (Az-
Zo'bi et al. 2024), (Al Zubi et al. 2024) and (Kilbas et al., 2006). 
Next, we recall the notation of fractional sectorial operators (Wang et 
al., 2015). Let ∅0 ∈ (0,

𝜋

2
] and 𝑡0 ∈ ℝ. We denote by 𝑀𝛾(∅0, 𝑡0) to 

the family of linear closed densely defined operators 𝐴 satisfying: 
𝜅𝛾 ∈ 𝜌(𝐴)  for any 𝜅 ∈ ∑ (𝑡0) = {𝜅 ∈ ℂ − {0}: |𝑎𝑟𝑔 (𝜅 −𝜃0+

𝜋

2
𝑡0)| < 𝜙0 +

𝜋

2
}. 

For any 𝑡 > 𝑡0  and ∅ < ∅0 , there is a constant 𝐶 = 𝐶(𝑡, ∅) such 
that ||𝜅𝛾−1𝑅(𝜅𝛾 , 𝐴)|| ≤ 𝐶

|𝜅−𝑡|
 , 𝑓𝑜𝑟 𝜆 ∈ 𝜅 ∈ ∑ (𝑡0)𝜃0+

𝜋

2

 . 

Now, according to Def. 2.20 in (Wang et al., 2015), we have the 
following definition: 

Definition 4. Let 𝐴 ∈ 𝑀𝛾(∅0, 𝑡0), ∅0 ∈ (0,
𝜋

2
] , 𝑡0 ∈ ℝ 𝑎𝑛𝑑 ℧ ∈

𝐿∞(𝑇, 𝑋). A function 𝑤℧ ∈ 𝛽𝜛  is called a mild solution for problem 
(1) if and only if there exists a function 𝜉 ∈ 𝐿1(𝑇, 𝐸) with  𝜉(𝜗) ∈
ℱ(𝜗, (𝑤℧)𝜗), 𝑎. 𝑒. such that 
(4)        𝜔𝑢(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

Ψ(𝜗) − 𝑔(𝑤℧)(𝜗);  𝜗 ∈ (−∞, 0],

𝜅1(𝜗) (Ψ(0) − 𝑔(𝑤
℧)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄(℧(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇0,

𝜗

0

𝜅1(𝜗) (Ψ(0) − 𝑔(𝑤
℧)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1 (𝑤

℧(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄(℧(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗) (Ψ(0) − 𝑔(𝑤
℧)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘 (𝑤

℧(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄(℧(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚,
𝜗

0

 

where 

𝜅1(𝜗) =
1

2𝜋𝑖
∫ 𝑒𝜉𝜗𝜁𝛾−1𝑅(
𝛶

𝜁𝛾−1, 𝐴)𝑑𝜁, 

𝜅2(𝜗) =
1

2𝜋𝑖
∫ 𝑒𝜉𝜗𝑅(
𝛶

𝜁𝛾−1, 𝐴)𝑑𝜁, 

 and 𝛶 is a suitable path lying in ∑ (𝑤0)𝜃0+
𝜋

2

. 

Lemma 2.  (Wang et al., 2015). The operators 𝜅1(𝜗)  and 𝜅2(𝜗) 
satisfy the properties: 

There are 𝑀 ≥ 1,𝑤 > 𝑤0  and 𝐶 > 0  such that ||𝜅1(𝜗)|| ≤

𝑀𝑒𝑤𝜗  and ||𝜅2(𝜗)|| ≤ 𝐶𝑒𝑤𝜗(1 + 𝜗𝛾−1) for each 𝜗 > 0. 

For any 𝜗 ∈ 𝑇. 
(5)               ||𝜅1(𝜗)||𝐿(𝐸) ≤ 𝑀1  𝑎𝑛𝑑 ||𝜅2(𝜗)||𝐿(𝐸) ≤ 𝜗

𝛾−1𝑀2, 
where 

(6)                𝑀1 ≔ 𝑠𝑢𝑝
0≤𝜗≤𝜛

||𝜅1(𝜗)||𝐿(𝐸) 𝑎𝑛𝑑 𝑀2

≔ 𝑠𝑢𝑝
0≤𝜗≤𝜛

𝐶𝑒𝑤𝜗(1 + 𝜗1−𝛾). 

Definition 5. Let 𝐴 ∈ 𝑀𝛾(𝜙0, 𝑡0), 𝜙0 ∈ (0,
𝜋

2
] , 𝑡0 ∈ ℝ and ∈

𝐿𝑝(𝑇, 𝑋); 𝑝 >
1

𝛾
 . A function 𝑤𝑧 ∈ 𝛽𝜔  is called a mild solution for 

problem (2) if there exists 𝜉 ∈ 𝐿1(𝑇, 𝐸)  with 𝜉(𝜗) ∈
ℱ(𝜗, (𝑤𝑧)𝜗), 𝑎. 𝑒. such that 
(7)           𝜔𝑧(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

Ψ(𝜗) − 𝑔(𝑤𝑧)(𝜗);  𝜗 ∈ (−∞,0],

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤
𝑧)(0)) + ∫ 𝜅2(𝜗 − 𝜏)(𝜉(𝜏) + (𝑉𝑧)(𝜏))𝑑𝜏, 𝜐 ∈ 𝑇0,

𝜗

0

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤
𝑧)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝜗 − 𝜗1

−)

+∫ 𝜅2(𝜗 − 𝜏)(𝜉(𝜏) + (𝑉𝑧)(𝜏))𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏)(𝜉(𝜏) + (𝑉𝑧)(𝜏))𝑑𝜏, 𝜐 ∈ 𝑇𝑚

𝜗

0

 

Definition 6. The Problem (1) is called nonlocal controllable on 𝑇 =
[0,𝜛],  if for each 𝑤1 ∈ 𝐸 , there exists a control function ℧ ∈
𝐿∞(𝑇, 𝐸)  such that any corresponding mild solution 𝑤℧ ∈ 𝛽𝜛  to 
Problem (1) must satisfy 𝑤℧(0) = 𝛹(0) − 𝑔(𝑤℧)(0)  and 
𝑤℧(𝜛) = 𝑤1 − 𝑔(𝑤

℧)(0). 
Definition 5. The system (2) is said to be nonlocal controllable on the 
interval 𝑇 = [0,𝜛]  if for each 𝑤1 ∈ 𝐸 , there exists a control 
function 𝑧 ∈ 𝐿𝑝(𝑇, 𝑋), 𝑝 > 1

𝛾
  such that any corresponding mild 

solution 𝑤𝑧 ∈ 𝛽𝜛  for Problem (2) must satisfy 𝑤𝑧(0) = 𝛹(0) −
𝑔(𝑤)(0) and 𝑤𝑧(𝜛) = 𝑤1 − 𝑔(𝑤

𝑧)(0). 

Lemma 3. (O’Regan and Precup, 2000, Theorem 3.1). Let 𝐷  be a 
closed convex subset of a Banach space and 𝑅:𝐷 → ℘𝑐(𝐷) with a 
closed graph and maps compact sets into relatively compact sets. 
Assume that there is 𝑤0 ∈ 𝐷  such that, for any ⊆ 𝐷  , with 𝐾 =
𝑐𝑜𝑛𝑣({𝑤0} ∪ 𝑅(𝐾)),𝐾 =  �̅� , 𝑍 ⊆ 𝐷  countable, we get 𝐾  is 
relatively compact. Then 𝑅 has a fixed point. 

2.1. Controllability of the system (1): 
Theorem 1. Assume the following conditions: 
(𝐻ℱ) ℱ: 𝑇 × 𝛽 → 𝑃𝑐𝑘(𝐸) such that 
(𝐻ℱ1)  For each 𝑧 ∈ 𝛽 , the multifunction 𝜗 → ℱ(𝜗, 𝑧)  admits a 
strongly measurable selection, and for almost each 𝜗 ∈ 𝑇  , the 
multifunction 𝑧 → ℱ(𝜗, 𝑧) is upper semicontinuous. 
(𝐻ℱ2) For any 𝑛 ∈ ℕ , there exists a 𝜚𝑛 ∈ 𝐿𝑝(𝑇, ℝ+)  satisfying 
𝑠𝑢𝑝||𝑤||𝛽≤𝑛||ℱ(𝜗, 𝑤)|| ≤ 𝜚𝑛(𝜗), for 𝑎. 𝑒. 𝜗 ∈ 𝑇 and 
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(8)                    lim inf
𝑛→∞

||𝜚𝑛||𝐿𝑝(𝑇,ℝ+)

𝑛
= 0. 

(𝐻ℱ3) There is a 𝜍 ∈ 𝐿𝑝(𝑇, 𝐸), 𝑝 > 1

𝛾
 such that, for each bounded 

subset 𝑍 ⊂ 𝛽 we have 

(9)                      𝜒𝐸(ℱ(𝜏, 𝑍)) ≤ 𝜍(𝜏) 𝑠𝑢𝑝
𝜗∈(−∞,0]

𝜒𝐸{𝜓(𝜗): 𝜓 ∈ 𝑍},

𝑎. 𝑒. 𝑓𝑜𝑟 𝜏 ∈ 𝑇  . 

(𝐻𝑔) The function 𝑔: 𝛽𝜛 → 𝛽 verifies: 
(𝐻𝑔1)     

(10)                      𝑙𝑖𝑚𝑖𝑛𝑓
||𝑤||𝛽𝜛→∞

||𝑔(𝑤)(0)||𝐸
||𝑤||𝛽𝜛

= 0. 

(𝐻𝑔2) If 𝑤𝑛 → 𝑤 𝑖𝑛 𝛽𝜛 , then 𝑙𝑖𝑚
𝑛→∞

𝑔(𝑤)(0)𝐸 = 𝑔(𝑤)(0). 

(𝐻𝑔3)  {𝑔(𝑧)(0): 𝑧 ∈ 𝐷}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  is compact in 𝐸  whenever 𝐷 ⊆ 𝛽𝜛  is 
bounded.  
(𝐻𝐼)  For any 𝑖 ∈ 𝛱1, 𝐼𝑖: 𝐸 → 𝐸  is continuous and compact, and 
there are non-decreasing functions ℎ𝑖: ℝ+ → ℝ  such that 
||𝐼𝑖(𝑤)|| ≤ ℎ𝑖(||𝑤||),𝑤 ∈ 𝐸 and 

(11)                      lim inf
𝑛→∞

|ℎ𝑖(𝑛)|

𝑛
= 0, 𝑖 ∈ Π1. 

(𝐻Δ) The operator Δ: 𝐿∞(𝑇, 𝑋) → 𝐸, defined by 

(12)                      Δ(℧) = ∫ 𝜅2(𝜛 − 𝜏)𝑄(℧(𝜏))𝑑𝜏
𝜛

0
, 

is linear, bounded and has a bounded inverse Δ⁻¹. 

Then, the system (1.1) is controllable on 𝑇 if the following inequality 
is satisfied: 

(13)                      2𝑀2𝜂||𝛽||𝐿𝑝(𝑇,ℝ+) [1 + 𝑁
2𝑀2

𝜛𝛾

𝛾
] < 1, 

where 𝜂 = ( 𝑝−1
𝑝𝛾−1

)

𝑝−1

𝑝
𝜛
𝛾−

1

𝑝  and 𝑁 > 0  with ||𝛥−1|| ≤ 𝑁  and 
||𝑄|| ≤ 𝑁. 
Proof. Note that, for any ℧ ∈ 𝐿∞(𝑇, 𝑋), 

||𝛥(℧)|| ≤ 𝑀2𝑁∫ (𝜛 − 𝜏)𝛾−1||℧(𝜏)||𝑑𝜏
𝜛

0

 

≤ 𝑀2𝑁||℧||𝐿∞(𝑇,𝜔)
𝜛𝛾

𝛾
, 

which means that Δ is well defined. Let 𝑤 ∈ 𝛽 be fixed. In view of 
(𝐻ℱ1)  and (𝐻ℱ2) , there is 𝜉 ∈ 𝐿𝑝(𝑇, 𝐸)  with  𝜉(𝜗) ∈
ℱ(𝜗, 𝑤𝜗), 𝑎. 𝑒.  Then, thanks to (𝐻Δ)  we can define a control 
function ℧𝑤,𝜉 ∈ 𝐿∞(𝑇, 𝜔) as: 

(14)                  

℧𝑤,𝜉 = Δ−1[𝑤1𝑔(𝑤)(0) − 𝜅1(𝜛)(Ψ(0) − 𝑔(𝑤)(0))

−∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

−∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏].
𝜛

0

 

Thus, a multifunction 𝑅:ℋ → 2ℋ  can be defined as follows: 𝑦 ∈

𝑅(𝑤) if and only if 

(15)       𝑦(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(𝛹(0) − 𝑔(𝑤)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(𝛹(0) − 𝑔(𝜔)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1 (𝑤
℧(𝜗1

−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(𝛹(0) − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘 (𝑤
℧(𝜗𝑘

−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚,
𝜗

0

 

where 𝜉 ∈ 𝜏ℱ(.,𝑤(.))
1 = {𝜐 ∈ 𝐿𝑝(𝑇, 𝐸): 𝜐(𝑡) ∈ ℱ(𝑡, 𝑤𝑡), 𝑎. 𝑒. } . 

Notice that, if 𝑤 is a fixed point for 𝑅, then from (𝐻𝛥), (14) and (15) 

𝜔(𝜛) = 𝜅1(𝜛)(𝛹(0) − 𝑔(𝑤)(0))

+ ∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏
𝜛

0

+∫ 𝜅2(𝜛 − 𝜏)𝑄 (℧𝑤,𝜉(𝜏)) 𝑑𝜏
𝜛

0

 

= 𝜅1(𝜛)(𝛹(0) − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏
𝜛

0

+ ∆(℧𝑤,𝜉) 

= 𝜅1(𝜛)(𝛹(0) − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏
𝜛

0

+ 𝑤1 − 𝑔(𝑤)(0)

− 𝜅1(𝜛)(𝛹(0) − 𝑔(𝑤)(0))

− ∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

−∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏
𝜛

0

= 𝑤1 − 𝑔(𝑤)(0). 

Thus, the function �̅�: (−∞,𝜛] → 𝐸 defined by 

�̅�(𝜗) = {
𝛹(𝜗) − 𝑔(𝑤)(𝜗), 𝜗 ∈ (−∞, 0],

𝑤(𝜗), 𝜗 ∈ [0,𝜛],
 

is a mild solution of system (1) and satisfies �̅�(0) = 𝛹(0) −
𝑔(𝑤)(0) and �̅�(𝜛) = 𝑤1 − 𝑔(𝑤)(0). 
Our goal is to prove, using Lemma 2, that 𝑅 has a fixed point. Clearly 
𝑅(𝑤);𝑤 ∈ ℋ is convex. 

Step1. In this step, we demonstrate the existence of 𝑛0 ∈ ℕ  such 
that 𝑅(𝐷𝑛0) ⊆ 𝐷𝑛0; 𝐷𝑛0 = {𝑤 ∈ ℋ: ||𝑤||ℋ ≤ 𝑛0 . Assume, by 
contradiction, that for each 𝑟 ∈ ℕ, there exist 𝑤𝑟 , 𝑘𝑟 ∈ ℋ with 𝑘𝑟 ∈
𝑅(𝑤𝑟), ||𝑤𝑟||ℋ ≤ 𝑟  and ||𝑘𝑟||ℋ > 0. So, there exists a sequence 
(𝜉𝑟)𝑟≥1 ∈ 𝜏ℱ(.,(𝑤𝑟)𝜗)

𝑝  such that: 

(16)     𝑘𝑟(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑟)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑟(𝜏) + 𝑄 (℧𝑤𝑟,𝜉𝑟(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑟)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤𝑟(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑟(𝜏) + 𝑄 (℧𝑤𝑟,𝜉𝑟(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑟)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤𝑟(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑟(𝜏) + 𝑄 (℧𝑤𝑟,𝜉𝑟(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚 ,
𝜗

0

 

Notably, (3) yields ||(𝑤𝑟)𝜗||𝛽 ≤ 𝜉𝑟, ∀𝜗 ∈ 𝑇 𝑎𝑛𝑑 𝑟 ≥ 1. Then, by 

(𝐻ℱ2) for all 𝑟 ≥ 1, 

(17)                 ||𝜉𝑟(𝜏)|| ≤ 𝜉𝜑𝑟(𝜏), 𝑎. 𝑒. 𝜗 ∈ 𝑇, 

where 𝜉 = sup {𝐿1(𝜗): 𝜗 ∈ 𝑇} . Since 𝑝 > 1

𝛾
,  the function 𝜏 →

(𝜗 − 𝜏)𝛾−1  belongs to 𝐿
𝑝

𝑝−1(𝑇, ℝ+). Consequently, using (17) and 
Holder's inequality, we obtain, for any 𝑟 ∈ ℕ and 𝜗 ∈ 𝑇 
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(18)               

|| ∫ 𝜅2(𝜗 − 𝜏)𝜉𝑟(𝜏)𝑑𝜏|| ≤ 𝜉𝑀2∫ (𝜗 − 𝜏)𝛾−1𝜑𝑟(𝜏)𝑑𝜏
𝜗

0

𝜗

0

≤ 𝜉𝑀2||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)(∫
(𝜗 − 𝜏)

(𝛾−1)𝑝
𝑝−1 𝑑𝜏

𝜗

0

)
𝑝−1
𝑝

= 𝜉𝑀2||𝜑𝑟||𝐿𝑝(𝑇,ℝ+) (
𝑝 − 1

𝑝𝛾 − 1
)

𝑝−1
𝑝

𝜗
𝛾−

1
𝑝

≤ 𝜉𝑀2𝜂||𝜑𝑟||𝐿𝑝(𝑇,ℝ+).                            

            

 

Next, since ℧𝑤,𝜉 ∈ 𝐿∞(𝑇, 𝑤) , then for any  𝑤 ∈ ℋ  and any 𝜉 ∈

𝜏ℱ(.,𝑤(.))
𝑝 , we have, for almost every 𝜏 ∈ 𝑇 

(19)          

||℧𝑤,𝜉(𝜏)|| ≤ ||℧𝑤,𝜉||𝐿∞(𝑇,𝑋)

≤ ||∆−1||[||𝑤1|| + ||𝑔(𝑤)(0)|| + ||𝜅1(𝜛)||(||Ψ(0)|| + ||𝑔(𝑤)(0)||)

+ ∑ ||𝜅1(𝜛 − 𝜗𝑘)||||𝐼𝑘(𝑤(𝜗𝑘
−))||

𝑘=𝑚

𝑘=1

+||∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏||].
𝜛

0

 

This inequality gives us, 

(20)  

||∫ 𝜅2(𝜗 − 𝜏)𝑄(℧𝑤𝑟,𝜉𝑟(𝜏))𝑑𝜏|| ≤ 𝑀2𝑁∫ (𝜗 − 𝜏)𝛾−1||℧𝑤𝑟,𝜉𝑟(𝜏)||𝑑𝜏
𝜗

0

𝜗

0

≤ 𝑀2𝑁
𝜛𝛾

𝛾
𝑁[||𝑤1|| + ||𝑔(𝑤𝑟)(0)|| + ||𝜅1(𝜛)||(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||)

+ ∑||𝜅1(𝜛 − 𝜗𝑘)||||𝐼𝑘(𝑤𝑟(𝜗𝑘
−))||

𝑘=𝑚

𝑘=1

+||∫ 𝜅2(𝜛 − 𝜏)𝜉𝑟(𝜏)𝑑𝜏||].
𝜛

0

 

Consequently, if 𝜗 ∈ 𝑇0 , then from (𝐻𝑔1), (𝐻𝐼) , (16) and (20), it 
follows: 

||𝜅𝑟(𝜗)|| ≤ 𝑀1(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||)
+ 𝑀2𝜉||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)𝜂 

+𝑀2𝑁
𝜛𝛾

𝛾
𝑁[||𝑤1|| + ||𝑔(𝑤𝑟)(0)||

+ 𝑀1(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||) 

+𝑀1 ∑ ℎ𝑘(||𝑤𝑟||) + 𝑀2𝜉||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)𝜂].

𝑘=𝑚

𝑘=1

 

Likewise, when 𝜗 ∈ 𝑇𝜉 , 𝜉 ∈ Π1, we have: 
||𝜅𝑟(𝜗)|| ≤ 𝑀1(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||)

+ 𝑀1 ∑ ℎ𝑘(||𝑤𝑟||) + 𝜂𝑀2𝜉||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)

𝑘=𝑚

𝑘=1

 

+
𝜛𝛾

𝛾
𝑁2𝑀2[||𝑤1|| + ||𝑔(𝑤𝑟)(0)||

+ 𝑀1(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||) 

+𝑀1 ∑ ℎ𝑘(||𝑤𝑟||) + 𝜂𝑀2𝜉||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)].

𝑘=𝑚

𝑘=1

 

Then, 
𝑟 < ||𝜅𝑟|| ≤ 𝑀1(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||)

+ 𝑀1 ∑ ℎ𝑘(𝑟) + 𝜂𝑀2𝜉||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)

𝑘=𝑚

𝑘=1

 

+
𝜛𝛾

𝛾
𝑁2𝑀2[||𝑤1|| + ||𝑔(𝑤𝑟)(0)||

+ 𝑀1(||Ψ(0)|| + ||𝑔(𝑤𝑟)(0)||) 

+𝑀1 ∑ ℎ𝑘(𝑟) + 𝜂𝑀2𝜉||𝜑𝑟||𝐿𝑝(𝑇,ℝ+)].

𝑘=𝑚

𝑘=1

 

By dividing both sides by 𝑟  and taking the lim 𝑖𝑛𝑓  as 𝑟 → ∞ , and 

using (8), (10), and (11), we obtain the contradiction 1<0. Thus, there 

exists 𝑛0 ∈ ℕ such that 𝑅(𝐷𝑛0) ⊆ 𝐷𝑛0 . 

Step 2. Let 𝐾 = 𝑅(𝐷𝑛0). We claim, in this step, that the set 𝐾|𝑇�̅�  is 

equicontinuous for each 𝑖 ∈ Π𝑚 , where 

𝐾|𝑇�̅� = {𝑦
∗ ∈ 𝐶(𝑇�̅�, 𝐸): 𝑦

∗(𝜗) = 𝑦(𝜗), 𝜗 ∈ 𝑇𝑖 , 𝑦
∗(𝜗𝑖) =

𝑦(𝜗𝑖
+), 𝑦 ∈ 𝐾}. 

Let 𝑦 ∈ 𝐾, Then, there exists  𝑤 ∈ 𝐷𝑛0such that 𝑦 ∈ 𝑅(𝑤). Hence, 
there exists 𝜉 ∈ 𝜏ℱ(.,𝑤𝜗)

𝑝  such that 
𝑦(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚,
𝜗

0

 

Case 1. Let 𝜗, 𝜗 + 𝛿 ∈ 𝑇0̅̅̅ = 𝑇0. Then, 
||𝑦∗(𝜗 + 𝛿) − 𝑦∗(𝜗)|| = ||𝑦(𝜗 + 𝛿) − 𝑦(𝜗)|| 

≤ ||𝜅1(𝜗 + 𝛿)(Ψ(0) − 𝑔(𝑤)(0)) − 𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0))|| 

+||∫ 𝜅2(𝜗 + 𝛿 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏
𝜗+𝛿

0

−∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏
𝜗

0

 

+||𝜅1(𝜗 + 𝛿)(Ψ(0) − 𝑔(𝑤)(0)) − 𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0))|| 

+||∫ 𝜅2(𝜗 + 𝛿 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏||
𝜗+𝛿

𝜗

 

+||∫ [𝜅2(𝜗 + 𝛿 − 𝜏)
𝜗

0

− 𝜅2(𝜗 − 𝜏)] (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏|| 

= 𝐺1 + 𝐺2 + 𝐺3, 

where 
𝐺1 = ||𝜅1(𝜗 + 𝛿)(𝑤0 − 𝑔(𝑤)(0)) − 𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0))||, 

𝐺2 = || ∫ 𝜅2(𝜗 + 𝛿 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏||
𝜗+𝛿

𝜗
,  

and 

𝐺3 = || ∫ [𝜅2(𝜗 + 𝛿 − 𝜏) − 𝜅2(𝜗 − 𝜏)] (𝜉(𝜏) +
𝜗

0

𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏||. 

Thanks to (𝐻𝑔3) , there exists a constant 𝑘 > 0  such that 

||𝑔(𝑤)(0)|| ≤ 𝑘, ∀𝑤 ∈ 𝐵𝑛0 . Thus, 

lim
𝛿→0

𝐺1 = lim
𝛿→0

||𝜅1(𝜗 + 𝛿)(Ψ(0) − 𝑔(𝑤)(0))

− 𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0))|| 

≤ ||Ψ(0) − 𝑔(𝑤)(0)|| lim
𝛿→0

||𝜅1(𝜗 + 𝛿) − 𝜅1(𝜗)|| 

≤ (||Ψ(0)|| + 𝑘) lim
𝛿→0

||𝜅1(𝜗 + 𝛿) − 𝜅1(𝜗)|| = 0, 

and this limit is independent of the choice of  𝑤 ∈ 𝐵𝑛0 . 

Next, by (19) and Hölder's inequality, it follows that: 

lim
𝛿→0

𝐺2 ≤ 𝑀2 lim
𝛿→0

∫ (𝜗 + 𝛿 − 𝜏)𝛾−1(||𝜉(𝜏)||
𝜗+𝛿

𝜗

+ ||𝑄||||℧𝑤,𝜉(𝜏)||)𝑑𝜏 
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≤ 𝑀2[lim
𝛿→0

∫ (𝜗 + 𝛿 − 𝜏)𝛾−1𝜑𝑛0(𝜏)𝑑𝜏
𝜗+𝛿

𝜗

+ 𝑁 lim
𝛿→0

∫ (𝜗 + 𝛿
𝜗+𝛿

𝜗

− 𝜏)𝛾−1||℧𝑤,𝜉(𝜏)||𝑑𝜏] 

           ≤ 𝑀2||𝜑𝑛0||𝐿𝑝(𝑇,ℝ+) lim𝛿→0
(∫ (𝜗 + 𝛿 − 𝜏)

𝑝(𝛾−1)

𝑝−1 𝑑𝜏
𝜗+𝛿

𝜗
)

𝑝−1

𝑝

  

             +𝑀2𝑁||℧𝑤,𝜉||𝐿∞(𝑇,𝑤) lim
𝛿→0

∫ (𝜗 + 𝛿 − 𝜏)𝛾−1𝑑𝜏 = 0,
𝜗+𝛿

𝜗
   

and this limit is independent of the choice of  𝑤 ∈ 𝐵𝑛0 . 

For 𝐺3 , note that for almost every 𝜗 ∈ 𝑇, ||𝜉(𝜗)|| ≤ 𝜑𝑛0(𝜗) . 

Moreover, from (19), for almost every 𝜗 ∈ 𝑇, we obtain: 

(21)        

||𝑄 (℧𝑤,𝜉(𝜗))|| ≤ ||𝑄|| ||℧𝑤,𝜉(𝜗)||

≤ 𝑁2[||𝑤1|| + ||𝑔(𝑤)(0)|| + 𝑀1(||𝑤0|| + ||𝑔(𝑤)(0)||)                                    

+𝑀1 ∑ ℎ𝑘(||𝑤||) + ∫ 𝜅2(𝜗 − 𝜏)𝜉(𝜏)𝑑𝜏]
𝜗

0

𝑘=𝑚

𝑘=1

                                                      

≤ 𝑁2[||𝑤1|| + 𝑘 +𝑀1(||𝑤0|| + 𝑘) +𝑀1 ∑ ℎ𝑘(𝑛0) + 𝑀2𝜂

𝑘=𝑚

𝑘=1

||𝜑𝑛0||𝐿𝑝(𝑇,ℝ+)
]

 

Then, in view of (21), we have: 

𝑙𝑖𝑚
𝛿→0

𝐺3 ≤∫ 𝑙𝑖𝑚
𝛿→0

|| 𝜅2(𝜗 + 𝛿 − 𝜏) − 𝜅2(𝜗 − 𝜏)]𝜉(𝜏)𝑑𝜏||
𝜗

0

 

+𝑁∫ 𝑙𝑖𝑚
𝛿→0

||[ 𝜅2(𝜗 + 𝛿 − 𝜏) − 𝜅2(𝜗 − 𝜏)]𝑄 (℧𝑤,𝜉(𝜗)) ||𝑑𝜏
𝜗

0

 

In view of the definition of 𝜅2 , we conclude that  𝑙𝑖𝑚
𝛿→0

𝐺3 = 0 , 

independently of the choice of 𝑤. 

Case 2. Let 𝜗, 𝜗 + 𝛿 ∈ 𝑇𝑖 , 𝑖 ∈ 𝛱1. 

||𝑦∗(𝜗 + 𝛿) − 𝑦∗(𝜗)|| = ||𝑦(𝜗 + 𝛿) − 𝑦(𝜗)|| 

≤ ||𝜅1(𝜗 + 𝛿)(𝛹(0) − 𝑔(𝑤)(0))

− 𝜅1(𝜗)(𝛹(0) − 𝑔(𝑤)(0))||    

+∑||𝜅1(𝜗 + 𝛿 − 𝜗𝑘) − 𝜅1(𝜗 − 𝜗𝑘)||ℎ𝑘(𝑛0)||

𝑘=𝑖

𝑘=1

    

+||∫ 𝜅2(𝜗 + 𝛿 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏
𝜗+𝛿

0

−∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏
𝜗

0

 

As in the previous case, we get 𝑙𝑖𝑚
𝛿→0

||𝑦(𝜗 + 𝛿) − 𝑦(𝜗)|| = 0. 

Case 3. Let 𝜗 =  𝜗𝑖;  𝑖 ∈ 𝛱1, 𝛿 > 0  and 𝜏 > 0  such that 𝜗𝑖 + 𝛿 ∈

𝑇𝑖  and 𝜗𝑖 < 𝜏 < 𝜗𝑖 + 𝛿 ≤ 𝜗𝑖+1. Then, 

||𝑦∗(𝜗𝑖 + 𝛿) − 𝑦
∗(𝜗𝑖)|| = lim

𝜏→𝜗𝑖
+
||𝑦(𝜗𝑖 + 𝛿) − 𝑦(𝜏)||. 

Note that, 

||𝑦(𝜗𝑖 + 𝛿) − 𝑦(𝜏)|| 

≤ ||𝜅1(𝜗𝑖 + 𝛿)(𝛹(0) − 𝑔(𝑤)(0))

− 𝜅1(𝜏)(𝛹(0) − 𝑔(𝑤)(0))|| 

+∑||𝜅1(𝜗𝑖 + 𝛿 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−)) − 𝜅1(𝜆 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘

−))||

𝑘=𝑇

𝑘=1

 

+||∫ 𝜅2(𝜗𝑖 + 𝛿 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏
𝜗𝑖+𝛿

0

−∫ 𝜅2(𝜏 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏
𝜗𝑖

0

. 

As in the first case, we get 𝑙𝑖𝑚
𝛿→0
𝜏→𝜗𝑖

+

||𝑦(𝜗𝑖
+ + 𝛿) − 𝑦(𝜏)|| = 0  . As a 

consequence of this discussion, the set 𝐾|𝑇�̅�  is Equi continuous for 

every 𝑖 ∈ 𝛱0. 

Step 3. The graph of 𝑅|𝐵𝑛0  is closed. 

Let 𝑤𝑛 → 𝑤  in 𝐵𝑛0  and 𝑧𝑛 ∈ 𝑅(𝑤𝑛)  with 𝑧𝑛 → 𝑧 𝑖𝑛 ℋ.  We must 

show that 𝑧 ∈ 𝑅(𝑤) . For each 𝑛 ≥ 1 , let 𝜉𝑛 ∈ 𝜏𝜉(.,(𝑤𝑛)𝜗)
𝑝  be such 

that: 

𝑧𝑛(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑛)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑛)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤𝑛(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑛)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤𝑛(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚 ,
𝜗

0

 

In view of  (𝐻ℱ2), ||𝜉𝑛(𝜗)|| ≤ 𝜉𝜑𝑛0(𝜗), ∀𝑛 ≥ 1, and for 𝑎. 𝑒. 𝜗 ∈

𝑇. Hence, the set {𝜉𝑛: 𝑛 ≥ 1} is weakly compact in 𝐿𝑝(𝑇, 𝐸). Since 

𝑝 > 1, we can assume that 𝜉𝑛  converges weakly to a function 𝜉 ∈

𝐿𝑝(𝑇, 𝐸) . Thanks to Mazur's lemma, there exists a sequence 

(𝜍𝑛)𝑛≥1, where each 𝜍𝑛  is a convex combination of 𝜉𝑗 𝑤𝑖𝑡ℎ  𝑗 ≥ 𝑛, 

and 𝜍𝑛 → 𝜉 strongly in 𝐿1(𝑇, 𝐸). Let 

𝑧𝑛̅̅ ̅(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑛)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜍𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝑧𝑛(𝜏)))𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑛)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤𝑛(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜍𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝑧𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤𝑛)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤𝑛(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜍𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝑧𝑛(𝜏)))𝑑𝜏, 𝜐 ∈ 𝑇𝑚 ,
𝜗

0

 

Note that, 𝑧𝑛̅̅ ̅ → 𝑧 and for each 𝜗 ∈ 𝑇, and each 𝜏 ∈ (0, 𝜗], we get: 

||𝜅2(𝜗 − 𝜏)𝜍𝑛(𝜏)|| ≤ 𝑀2(𝜗 − 𝜏)
𝛾−1𝜑𝑛0(𝜏); ∀𝑛 ≥ 1. 

Because 𝜅2 is continuous, it follows that, 

(22)           lim
𝑛→∞

∫ 𝜅2(𝜗 − 𝜏)𝜍𝑛(𝜏)𝑑𝜏 = ∫ 𝜅2(𝜗 − 𝜏)𝜉(𝜏)𝑑𝜏
𝜗

0

𝜗

0

. 

From (22), (𝐻𝑔2), the continuity of 𝛥−1, 𝜅1  and (14), we obtain 

𝑙𝑖𝑚
𝑛→∞

℧𝑤𝑛,𝑧𝑛 = ℧𝑤,𝜉 , in 𝐿∞(𝑇, 𝑤) . So, 𝑙𝑖𝑚
𝑛→∞

℧𝑤𝑛,𝑧𝑛(𝜗) =

℧𝑤,𝜉(𝜗), 𝑎. 𝑒. 𝜗 ∈ 𝑇 . Because 𝑄  is continuous, it follows that 

𝑙𝑖𝑚
𝑛→∞

𝑄(℧𝑤𝑛,𝑧𝑛(𝜗)) = 𝑄 (℧𝑤,𝜉(𝜗)) , 𝑎. 𝑒. 𝜗 ∈ 𝑇, 𝑖𝑛 𝐸 . Therefore, 

by the Lebesgue dominated convergence theorem, we conclude, 
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𝑧(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0)) + ∫ 𝜅2(𝜗 − 𝜏)(𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏)))𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(Ψ(0) − 𝑔(𝑤𝑛)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + 𝑄 (℧𝑤,𝜉(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚,
𝜗

0

 

Notice that, thanks to (3) it follows for 𝜗 ∈ 𝑇 that 

𝑙𝑖𝑚
𝑛→∞

||(𝑤𝑛)𝜗 − 𝑤𝜗||𝐵 = 𝑙𝑖𝑚
𝑛→∞

||(𝑤𝑛 − 𝑤)𝜗||𝐵 ≤ 𝜉 𝑙𝑖𝑚
𝑛→∞

||𝑤𝑛 −

𝑤||ℋ = 0. 

This implies with the upper semi continuity of ℱ(𝜗, . ); 𝑎. 𝑒. 𝜗 ∈

𝑇, 𝜉(𝜗) ∈ ℱ(𝜗,𝑤𝜗), 𝑎. 𝑒. 𝜗 ∈ 𝑇. This proves that the graph of 𝑅  is 

closed. 

Step 4. Let 𝐾 ⊆ 𝐵𝑛0  𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝐾 = 𝑐𝑜𝑛𝑣({0} ∪

𝑅(𝐾)),𝑤𝑖𝑡ℎ 𝐾 = �̅� where 𝐵 ⊆ 𝐾 is countable. We claim that 𝐾 is 
relatively compact. From Step 2, we know that 𝐾 is equicontinuous 
on each 𝑇�̅�; 𝑖 ∈ 𝛱0. It remains to show that the set  {𝐾(𝜗);  𝜗 ∈ 𝑇} is 
relatively compact in 𝐸 . Since  𝐵 ⊆ 𝐾 = 𝑐𝑜𝑛𝑣({0} ∪ 𝑅(𝐾))  is 
countable, we can find a countable set 𝐻 = {𝑦𝑛: 𝑛 ≥ 1} ⊆ 𝑅(𝐾) 
such that 𝐵 ⊆ 𝑐𝑜𝑛𝑣({0} ∪ 𝐻). Then, for any 𝜗 ∈ 𝑇, 

(23)             𝜒(𝐾(𝜗)) = 𝜒(�̅�(𝜗))𝜒(𝐻(𝜗)) = 𝜒{𝑦𝑛(𝜗): 𝑛 ≥ 1}. 

Now, for any 𝑛 ≥ 1 , let 𝑤𝑛 ∈ 𝐾 ⊆ 𝐵𝑛0  with 𝑦𝑛 ∈ 𝑅(𝑤𝑛) . Then, 

there exists 𝜉𝑛(𝜗) ∈ 𝜏ℱ(𝜗,(𝑤𝑛)𝜗)
𝑝  such that ||𝜉𝑛(𝜗)|| ≤

𝜑𝑛0(𝜗), 𝑎. 𝑒. , ∀𝑛 ≥ 1. Moreover, 

𝑦𝑛(𝜗)

=

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

0, 𝜗 ∈ (−∞, 0],

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0)) + ∫ 𝜅2(𝜗 − 𝜏)(𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏)))𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚.
𝜗

0

 

Then, by using the properties of the measure of noncompactness 
(Kamenskii et al., 2011) we obtain: 
 
𝜒{𝑦𝑛(𝜗): 𝑛 ≥ 1}

≤

{
 
 
 
 
 
 

 
 
 
 
 
 

0, 𝜗 ∈ (−∞,0],

𝜒{𝜅1(𝜗)(𝑤0 − 𝑔(𝑤𝑛)(0)): 𝑛 ≥ 1}

+𝜒 {∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏)))𝑑𝜏: 𝑛 ≥ 1
𝜗

0

} ,

 𝜐 ∈ 𝑇0,

𝜒{𝜅1(𝜗)(𝑤0 − 𝑔(𝑤𝑛)(0)): 𝑛 ≥ 1}

+∑ 𝜒{𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤𝑛(𝜗𝑘
−)): 𝑛 ≥ 1}

𝑘=𝑚

𝑘=1

+𝜒{∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏)))𝑑𝜏: 𝑛 ≥ 1},
𝜗

0

 𝜐 ∈ 𝑇𝑖 , 𝑖 ∈ Π𝑚.

 

Now, by (𝐻𝑔3) , the set {𝑔(𝑤𝑛)(0): 𝑛 ≥ 1} is relatively compact. 

Hence, for each 𝜗 ∈ 𝑇, 

(24)                                                     𝜒{𝜅1(𝜗)(Ψ(0) −
𝑔(𝑤𝑛)(0)): 𝑛 ≥ 1} = 0. 

Furthermore, since each 𝐼𝐾  is compact for 𝑘 ∈ 𝛱1 , it follows that 
for each 𝜗 ∈ 𝑇,  
(25)                                               𝜒{𝜅1(𝜗 −
𝜗𝑘)(𝐼𝑘(𝑤𝑛(𝜗𝑛

−))): 𝑛 ≥ 1} = 0. 

Next, we estimate the quantity 𝜒 {∫ 𝜅2(𝜗 − 𝜏)𝜉𝑘(𝜏)𝑑𝜏
𝜗

0
: 𝑘 ≥ 1} , 

where 𝜗 ∈ 𝑇 is fixed. Note that, from (𝐻ℱ3), it holds for 𝑎. 𝑒. 𝜗 ∈ 𝑇 

         𝜒{𝜉
𝑘
(𝜗): 𝑘 ≥ 1} ≤ 𝜒{ξ(𝜗, (𝑤𝑘)𝜗): 𝑘 ≥ 1} 

             ≤ 𝛽(𝜗) sup
𝜃∈(−∞,0]

𝜒{(𝑤𝑘)𝜗(𝜃): 𝑘 ≥ 1}                    

             = 𝛽(𝜗) sup
𝜃∈(−∞,0]

𝜒{𝑤𝑘(𝜗 + 𝜃): 𝑘 ≥ 1}                        

                    = 𝛽(𝜗) sup
𝛿∈[0,𝜗]

𝜒{𝑤𝑘(𝛿): 𝑘 ≥ 1} ≤ 𝛽(𝜗)𝜒(𝐾(𝜗)) 

(26)         ≤ 𝛽(𝜗)𝜒(𝐾(𝜗)) = 𝜌(𝜗)  .                
Note that, 𝜌 ∈ 𝐿𝑝(𝑇, 𝑅+). According to Bader et al. (2001), for every 
𝜀 > 0, there exists a compact set 𝐾𝜀 , a measurable set 𝑇𝜀 ⊂ 𝑇 with 
measure less than 𝜀, and a sequence of functions {𝜍𝑘

𝜀} ⊂ 𝐿𝑝(𝑇, 𝐸) 
such that {𝜍𝑘

𝜀(𝜏): 𝑘 ≥ 1} ⊆ 𝐾𝜀 , 𝜏 ∈ 𝑇 and 

(27)       ||𝜉𝑘(𝜏) − 𝜍𝑘
𝜀(𝜏)|| ≤ 2𝜌(𝜏) + 𝜀, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘 ≥

1 𝑎𝑛𝑑 𝑒𝑎𝑐ℎ 𝜏 ∈ 𝑇 − 𝑇𝜀 . 

Next, consider the linear continuous operator 𝐺: 𝐿𝑝(𝑇, 𝐸) →
𝐶(𝑇, 𝐸) defined by:  

(28)            𝐺(𝑧)(𝜗) = ∫ 𝜅2(𝜗 − 𝜏)𝑧(𝜏)𝑑𝜏, ∀𝜗 ∈ 𝑇
𝜗

0
. 

Combine (26)–(28), for all 𝜗 ∈ 𝑇 and all 𝑘 ≥ 1, we obtain: 

||𝐺(𝜉𝑘(𝜗) − 𝐺(𝜍𝑘
𝜀)(𝜗)|| ≤ 𝜂𝑀2 (∫ ||𝜉𝑘(𝜏) − 𝜍𝑘

𝜀(𝜏)||𝑝
𝜗

0

𝑑𝜏)

1
𝑝

 

= 𝜂𝑀2[∫ ||𝜉𝑘(𝜏) − 𝜍𝑘
𝜀(𝜏)||

𝑝

[0,𝜗]−𝑇𝜀

𝑑𝜏

+ ∫ ||𝜉𝑘(𝜏) − 𝜍𝑘
𝜀(𝜏)||

𝑝

[0,𝜗]∩𝑇𝜀

𝑑𝜏]
1
𝑝 

≤ 𝜂𝑀2[∫ (2𝜌(𝜏) + 𝜀)𝑝

[0,𝜗]−𝑇𝜀

𝑑𝜏

+ ∫ ||𝜉𝑘(𝜏) − 𝜍𝑘
𝜀(𝜏)||

𝑝

[0,𝜗]∩𝑇𝜀

𝑑𝜏]
1
𝑝 

 

By taking into account that 𝜀 is arbitrary, we get for all 𝜗 ∈ 𝑇 and all 
𝑟 ≥ 1 

||𝐺(𝜉𝑘(𝜗) − 𝐺(𝜍𝑘
𝜀)(𝜗)|| ≤ 2𝜂𝑀2 (∫ (𝜌(𝜏))𝑝

𝜗

0
𝑑𝜏)

1

𝑝. 

Since {𝜍𝑘
𝜀(𝜏): 𝑘 ≥ 1} ⊆ 𝐾𝜀 , 𝜒{𝐺(𝜍𝑘

𝜀)(𝜗): 𝑟 ≥ 1} = 0. Thus, for all 
𝜗 ∈ 𝑇 

𝜒({∫ 𝜅2(𝜗 − 𝜏)𝜉𝑟(𝜏)𝑑𝜏
𝜗

0

: 𝑟 ≥ 1}) 

= 𝜒{𝐺(𝜉𝑟)(𝜗): 𝑟 ≥ 1}                        

≤ 𝜒{𝐺(𝜉𝑟)(𝜗) − 𝐺(𝜍𝑟
𝜀)(𝜗): 𝑟 ≥ 1} 

≤ 𝜒{𝐺(𝜉𝑟)(𝜗) − 𝐺(𝜍𝑟
𝜀)(𝜗): 𝑟 ≥ 1} 

 ≤ 2𝜂𝑀2 (∫ (𝜌(𝜏))
𝑝𝜗

0
𝑑𝜏)

1

𝑝
                 

(29)                                               ≤ 2𝜂𝑀2𝜒ℋ(𝑍)||𝛽||𝐿𝑝(𝑇,ℝ+).     
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Next, we estimate the quantity 𝜒({∫ 𝜅2(𝜗 −
𝜗

0

𝜏)𝑄(℧𝑤𝑟,𝜉𝑟(𝜏)𝑑𝜏 : 𝑟 ≥ 1}). From (24), (25), (29) and the fact that 
∆−1is linear and bounded, we have: 

𝜒𝐿∞(𝑇,𝑤){℧𝑤𝑟,𝜉𝑟: 𝑟 ≥ 1}

≤ 𝑁𝜒{𝑤1 − 𝑔(𝑤𝑟) − 𝜅1(𝜛)(𝑤0 − 𝑔(𝑤𝑟))

− ∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤𝑟(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

 

−∫ 𝜅2(𝜛 − 𝜏)𝜉𝑟(𝜏)𝑑𝜏: 𝑟 ≥ 1}
𝜛

0

 

= 𝑁𝜒{∫ 𝜅2(𝜛 − 𝜏)𝜉𝑟(𝜏)𝑑𝜏: 𝑟 ∈ ℕ}
𝜛

0

 

(30)                                           ≤ 2𝑁𝑀2𝜂𝜒ℋ(𝑍)||𝛽||𝐿𝑝(𝑇,ℝ+). 

Now, consider the linear continuous operator Θ: 𝐿∞(𝑇,𝑤) →
𝐶(𝑇, 𝐸) , where Θ(ℎ)(𝜗) = ∫ 𝜅2(𝜗 − 𝜏)𝑄(ℎ(𝜏))𝑑𝜏

𝜗

0
. Then, by 

(30), we obtain: 

𝜒 ({∫ 𝜅2(𝜗 − 𝜏)𝑄(℧𝑤𝑟,𝜉𝑟(𝜏)𝑑𝜏
𝜗

0

: 𝑟 ≥ 1}) = 𝜒{Θ(℧𝑤𝑟,𝜉𝑟): 𝑟

≥ 1} 

≤ ||Θ||𝜒𝐿∞(𝑇,𝑤){℧𝑤𝑟,𝜉𝑟: 𝑟 ≥ 1} 

(31)                    ≤ 2
𝜛𝛾

𝛾
𝑁2𝑀2

2𝜂𝜒ℋ(𝑍)||𝛽||𝐿𝑝(𝑇,ℝ+).  

By combining (24), (25), (29) and (31) we obtain: 

𝜒𝑃𝐶(𝐾) = max
𝑖=0,1,..,𝑚

𝜒𝐶(𝑇�̅�,𝐸)(𝐾|𝑇�̅�) ≤ max
𝑖=0,1,..,𝑚

max
𝜗∈𝑇�̅�

𝜒(𝐾(𝜗)) 

= max
𝜗∈𝑇

𝜒(𝐾(𝜗)) ≤ max
𝜗∈𝑇

𝜒(𝐻(𝜗)) = max
𝜗∈𝑇

𝜒{𝑦𝑟(𝜗): 𝑟 ≥ 1} 

≤ 𝜒ℋ(𝐾)2𝑀2𝜂||𝛽||𝐿𝑝(𝑇,ℝ+) [1 + 𝑁
2𝑀𝜗
̅̅ ̅̅ 𝜛

𝛾
] < 𝜒𝑃𝐶(𝐾). 

This leads to 𝜒𝑃𝐶(𝐾), and consequently, 𝐾 is relatively compact. 

Step 5. In this step, we demonstrate that, if Θ ⊆ 𝐵𝑛0  is compact, then 
𝑅(Θ) is relatively compact. Let 𝑦𝑛 ∈ 𝑅(Θ), 𝑛 ≥ 1. Then, there exists 
𝑤𝑛 , 𝑛 ≥ 1 , such that 𝑦𝑛 ∈ 𝑅(𝑤𝑛) . Hence, there exists 𝜉𝑛 ∈
𝜏ℱ(.,(𝑤𝑛)𝜗)
𝑝  such that, for 𝜗 ∈ 𝑇, 
𝑦𝑛(𝜗)

=

{
 
 
 
 
 
 

 
 
 
 
 
 𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0)) + ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇0,

𝜗

0

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤(𝜗1
−))

+∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇1,
𝜗

0 .
.

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉𝑛(𝜏) + 𝑄 (℧𝑤𝑛,𝜉𝑛(𝜏))) 𝑑𝜏, 𝜐 ∈ 𝑇𝑚.
𝜗

0

 

We must show that the set Z = {𝑦𝑛: 𝑛 ≥ 1} is relatively compact in 
ℋ. As in Step 2, it follows that the set 𝑍| 𝑇�̅�  is equicontinuous for each 
𝑖 ∈ Π0 . In addition, since Θ  is compact in ℋ , we 
have sup

𝛿∈[0,𝜗]
𝜒{𝑤𝑘(𝛿): 𝑘 ≥ 1} = 0, and hence, from (𝐻ℱ3) we get 

for 𝑎. 𝑒. 𝜗 ∈ 𝑇: 

𝜒{𝜉𝑘(𝜗): 𝑘 ≥ 1} ≤ 𝜒{ℱ(𝜏, (𝑤𝑘)𝜗): 𝑘 ≥ 1} 

≤ 𝛽(𝜗) sup
𝜃∈(−∞,0]

𝜒{(𝑤𝑘)𝜗(𝜃): 𝑘 ≥ 1} 

= 𝛽(𝜗) sup
𝜃∈(−∞,0]

𝜒{𝑤𝑘(𝜗 + 𝜃): 𝑘 ≥ 1} 

= 𝛽(𝜗) sup
𝛿∈[0,𝜗]

𝜒{𝑤𝑘(𝛿): 𝑘 ≥ 1} = 0. 

Following the arguments in Step 4, we obtains for all 𝜗 ∈ 𝑇 , 
𝜒{𝑦𝑛(𝜗): 𝑛 ≥ 1} = 0, which shows that 𝑅(Θ) is relatively compact. 

As a consequence of Steps 1 to 5 and Lemma 2, we conclude that the 
operator 𝑅 has a fixed point. Therefore, the problem (1.1) is 
controllable. 

2.2. Controllability result for the system (2): 
    Consider the following assumptions: 

(𝐻ℱ2)
∗  There exists a function 𝜑 ∈ 𝐿𝑝(𝑇, ℝ+)  such that for any 

𝑤 ∈ 𝛽  
(32)                                    ||ℱ(𝜗,𝑤)|| ≤ 𝜑(𝜗)(1 + ||𝑤||), for 𝑎. 𝑒. 𝜗 ∈
𝑇. 
(𝐻𝑔1)

∗ There are 𝑎, 𝑑 ∈ (0,∞) with 
(33)                                            ||𝑔(𝑤)(0)||𝐸 ≤ 𝑎||𝑤||𝛽𝜛

+ 𝑑, ∀𝑤 ∈ 𝛽𝜛 . 

(𝐻𝐼)∗  For each i∈ 𝛱1, 𝐼𝑖  is continuous and compact and there is 
𝜎𝑖 > 0, such that 
(34)                                          ||𝐼𝑖(𝑤)||≤ 𝜎𝑖||𝑤||, 𝑤 ∈ 𝐸. 
(𝐻𝛥)∗ The linear bounded operator 𝛥: 𝐿𝑝(𝑇, 𝑋) → 𝐸 defined by 

𝛥(𝑧) = ∫ 𝜅2(𝜛 − 𝜏)(𝑉𝑧(𝜏))𝑑𝜏
𝜛

0

 

has a bounded inverse ∆−1. 
Theorem 2. Assume that (𝐻ℱ1),
(𝐻ℱ2)

∗, (𝐻ℱ3), (𝐻𝑔1)
∗, (𝐻𝑔2), (𝐻𝑔3), (𝐻𝐼)

∗  and (𝐻∆)  are 
verified. Then, the system (2) is controllable on 𝑇 provided that 

(35)                                             2𝑀𝜗
̅̅ ̅̅ 𝜂||𝛽||𝐿𝑝(𝑇,ℝ+) [1 +

ℵ2𝑀𝜗
̅̅ ̅̅ 𝜛𝛾

𝛾
] < 1, 

and 

(36)      𝑀1(𝑎 + 𝜎) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 + 𝑀2
𝜛𝛾

𝛾
ℵ2 [𝑎 +

𝑀1(𝑎 + 𝜎) +𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)] < 1, 

where 𝜂 is defined in the statement of Theorem 1, 𝜎 = ∑ 𝜎𝑖
𝑖=𝑚
𝑖=1  and 

ℵ > 0 such that ||∆−1|| ≤ ℵ and ||𝑉|| ≤ ℵ. 
Proof. Since the proof is similar to the proof of Theorem1, we will 
focus on the difference. Using (𝐻∆), for any 𝑤 ∈ ℋ  and any 𝜉 ∈
𝐿1(𝑇, 𝐸)  with 𝜉(𝜗) ∈ ℱ(𝜗, 𝑤𝜗), 𝑎. 𝑒. , we define the control 
function 𝑧𝑤,𝜉 ∈ 𝐿𝑝(𝑇, 𝑤) by: 

𝑧𝑤,𝜉 = ∆
−1[𝑤1 − 𝑔(𝑤)(0) − 𝜅1(𝜛)(𝛹(0) − 𝑔(𝑤)(0))

− ∑ 𝜅1(𝜛 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘
−))

𝑘=𝑚

𝑘=1

 

(37)          −∫ 𝜅2(𝜛 − 𝜏)𝜉(𝜏)𝑑𝜏]
𝜛

0
. 

Therefore, we can define a multi valued operator ℛ:ℋ → 2ℋ  as 
follows: let 𝑤 ∈ ℋ. A function 𝑦 ∈ ℛ(𝑤) if and only if 

(38) y (𝜗) =

{
 
 
 
 

 
 
 
 

0,𝜗 ∈ (−∞,0],

𝜅1(𝜗)(𝛹(0) − 𝑔(𝑤)(0)) + ∫ 𝜅2(𝜗 − 𝜏)(𝜉(𝜏) + (𝑉𝑧𝑤,𝜉)(𝜏))𝑑𝜏, 𝜐 ∈ 𝑇0,
𝜗

0

𝜅1(𝜗)(𝑤0 − 𝑔(𝑤)(0)) + 𝜅1(𝜗 − 𝜗1)𝐼1(𝑤(𝜗1
−))

.

.

.
𝜅1(𝜗)(𝛹(0) − 𝑔(𝑤)(0)) + ∑ 𝜅1(𝜗 − 𝜗𝑘)𝐼𝑘(𝑤(𝜗𝑘

−))𝑘=𝑚
𝑘=1

+ ∫ 𝜅2(𝜗 − 𝜏) (𝜉(𝜏) + (𝑉𝑧𝑤,𝜉)(𝜏))𝑑𝜏, 𝜐 ∈ 𝑇, 𝑖 = 1,… ,𝑚,
𝜗

0

 

where 𝜉 ∈ 𝜏ℱ(.,𝑤(.))
1 . As above, we can show that if 𝑤 is a fixed point 

for ℛ, then the function �̅�: (−∞,𝜛] → 𝐸, defined by: 

�̅�(𝜗) = {
𝛹(𝜗) − 𝑔(𝑤)(𝜗), 𝜗 ∈ (−∞, 0],

𝑤(𝜗), 𝜗 ∈ [0,𝜛],
 

is a mild solution for Problem (2) and satisfies 𝑤(0) = 𝛹(0) −
𝑔(𝑤)(0)  and 𝑤(𝜛) = 𝑤1 − 𝑔(𝑤)(0)  . Let 𝑍0 = {𝑤 ∈

ℋ: ||𝑤|| ≤ 𝑟}, where 𝑟 is a positive real number such that 



77  
 

 

 

 Al Adsani, F.A and Ibrahim, A.G. (2025). Controllability of nonlocal impulsive semilinear differential inclusions with fractional sectorial operators and infinite delay. Scientific Journal of King Faisal University: Basic and Applied 
Sciences, 26(1), 69–80. DOI: 10.37575/b/sci/250010 

(39)                           
𝜚

1−𝑤
< 𝑟, 

where 

𝜚 = 𝑀1(||𝑤0|| + 𝑑) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 + 𝑀2
𝜛𝛾

𝛾
ℵ2[||𝑤1|| +

𝑑 +𝑀1(||𝑤0|| + 𝑑)], 

and 

𝑤 = 𝑀1(𝑎 + 𝜎) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 +𝑀2
𝜛𝛾

𝛾
ℵ2[𝑎 + 𝑀1(𝑎 +

𝛿) + 𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)]. 

Step1. In this step we claim that ℛ(𝑍0) ⊆ 𝑍0. Suppose  𝑤 ∈ 𝑍0 and 
𝑦 ∈ ℛ(𝑤). Then, there exists 𝜉 ∈ 𝜏ℱ(.,𝑤(.))

1  such that 𝑦 satisfies (38). 
Since 𝑝 > 1

𝛾
, the function 𝜏 → (𝜗 − 𝜏)𝛾−1  belongs to 𝐿

𝑝

𝑝−1(𝑇 −

ℝ+), hence, using (𝐻ℱ2)∗ and Hölder's inequality, we get: 

||∫ 𝜅2(𝜗 − 𝜏)𝜉(𝜏)𝑑𝜏|| ≤ 𝑀2(1 + 𝑟)∫ (𝜗 − 𝜏)𝛾−1𝜑(𝜏)𝑑𝜏
𝜗

0

𝜗

0

 

≤ (1 + 𝑟)𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+) (∫ (𝜗 − 𝜏)
(𝛾−1)𝑝
𝑝−1 𝑑𝜏

𝜗

0

)

𝑝−1
𝑝

 

(40)                            ≤ (1 + 𝑟)𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+),𝜗∈𝑇 . 

and 

||∫ 𝜅2(𝜗 − 𝜏)(𝑉𝑧𝑤,𝜉)(𝜏)𝑑𝜏||
𝜗

0

≤ 𝑀2∫ (𝜗 − 𝜏)𝛾−1||(𝑉𝑧𝑤,𝜉)(𝜏)||𝑑𝜏
𝜗

0

 

(41)  ≤ 𝑀2||𝑉𝑧𝑤,𝜉||𝐿𝑝(𝑇,𝐸)𝜂.   

Next, according to the definition of 𝑧𝑤,𝜉  and (40), we get: 

||𝑉𝑧𝑤,𝜉||𝐿𝑝(𝑇,𝐸) ≤ ||𝑉||||𝑧𝑤, 𝜉||𝐿𝑝(𝑇,𝑋) 

≤ ||𝑉||∆−1[||𝑤1|| + ||𝑔(𝑤)(0)||
+ ||𝜅1(𝜛)||(||𝛹(0)|| + ||𝑔(𝑤)(0)||)

+ ∑||𝜅1(𝜛 − 𝜗𝑘)|| ||𝐼𝑘(𝑤(𝜗𝑘
−))||

𝑘=𝑚

𝑘=1

+∫ ||𝜅2(𝜛 − 𝜏)||||𝜉(𝜏)||𝑑𝜏]
𝜛

0

 

≤ ℵ2[||𝑤1|| + 𝑎𝑟 + 𝑑 +𝑀1(||𝛹(0)|| + 𝑎𝑟 + 𝑑) + 𝑀1𝑟 𝜎
+ (1 + 𝑟)𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)]  

(42)     = 𝜍. 
Combine (41) and (42) to get 

(43)                       || ∫ 𝜅2(𝜗 − 𝜏)(𝑉𝑧𝑤,𝜉)(𝜏)𝑑𝜏|| ≤ 𝑀2
𝜛𝛾

𝛾
𝜍

𝜗

0
. 

Let 𝜗 ∈ 𝑇0. By using (40), (43) and (𝐻𝑔)∗, we get: 

(44)      ||𝑦(𝜗)|| ≤ 𝑀1(||𝛹(0)|| + 𝑎𝑟 + 𝑑) + 𝑀2(1 +

𝑟)||𝜑||
𝐿𝑝(𝑇,ℝ+)

𝜂 +𝑀2
𝜛𝛾

𝛾
𝜍. 

Likewise, by using (𝐻𝑔)∗  and (𝐻𝐼)∗ , we get for all 𝜗 ∈ 𝑇𝑖 , 𝑖 =
1, 2, … ,𝑚, 
||𝑦(𝜗)|| ≤ 𝑀1(||𝑤0|| + 𝑎𝑟 + 𝑑 + 𝜎𝑟)

+ 𝑀2(1 + 𝑟)||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 + 𝑀2

𝜛𝛾

𝛾
𝜍 

= 𝑀1(||𝑤0|| + 𝑑) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 + 𝑀2

𝜛𝛾

𝛾
ℵ2[||𝑤1|| + 𝑑

+𝑀1(||𝑤0|| + 𝑑) 

                 +𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+) + 𝑟[𝑀1
(𝑎 + 𝜎) +

𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂      

(45)         +𝑀2
𝜛𝛾

𝛾
ℵ2[𝑎 + 𝑀1(𝑎 + 𝜎) + 𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)]. 

In view of (39) and (45), we conclude that ℛ(𝑍0) ⊆ 𝑍0. 
Step 2. Let 𝜅 = ℛ(𝑍0). By following the same arguments from Step 
2 and 3 in the proof of Theorem1, one can show that the set 𝜅|𝑇�̅�  is 
equicontinuous for each 𝑖 ∈ 𝛱0, where 

𝜅|𝑇�̅� = {𝑦
∗ ∈ 𝐶(𝑇�̅�, 𝐸): 𝑦

∗(𝜗) = 𝑦(𝜗), 𝜗 ∈ 𝑇𝑖 , 𝑦∗(𝜗𝑖) =
𝑦(𝜗𝑖

+), 𝑦 ∈ 𝜅}, 

and the graph of the multivalued function ℛ|𝑍0 : 𝑍0 → 2𝑍0  is 
closed. 
Step 3. Let ℳ ⊆ 𝑍0,ℳ = 𝑐𝑜𝑛𝑣({𝑤0} ∪ ℛ(ℳ)), 𝑎𝑛𝑑 ℳ̅̅ ̅̅ ̅̅ ̅̅ ̅ =  𝐶̅ 
with 𝐶 ⊆ ℳ  countable. We demonstrate that ℳ  is relatively 
compact. Because ℳ is equicontinuous on each 𝑇�̅�, 𝑖 ∈ Π0, we only 
need to show that ℳ(𝜗)  is relatively compact in 𝐸 . From the 
countability of 𝐶  and 𝐶 ⊆ ℳ = 𝑐𝑜𝑛𝑣({𝑤0} ∪ ℛ(ℳ)) , we can 
find a countable set 𝐻 = {𝑦𝑛: 𝑛 ≥ 1} ⊆ ℛ(ℳ)  with 𝐶 ⊆
𝑐𝑜𝑛𝑣({𝑤0} ∪ 𝐻). Therefore,  
𝜒(ℳ(𝜗)) ≤ 𝜒(𝐶̅(𝜗)) ≤ 𝜒(𝐻(𝜗)) = 𝜒{𝑦𝑛(𝜗): 𝑛 ≥ 1}, 𝜗 ∈ 𝑇. 
In the same manner as in the fourth step of the proof of Theorem 1, 
we can demonstrate that 

𝜒{𝑦𝑛(𝜗): 𝑛 ≥ 1} ≤ 𝜒ℋ(𝑍)2 𝑀𝜗
̅̅ ̅̅ 𝜂||𝛽||

𝐿𝑝(𝑇,ℝ+)
[1 + ℵ2𝑀𝜗

̅̅ ̅̅ 𝜛𝛾

𝛾
], 

Thus, by (35), 𝜒𝑃𝐶(ℳ) = 0. 
Step 4. ℛ maps compact sets into relatively compact sets. 
This can be proven by following the same arguments as in Step 5 of 
the proof of Theorem 1. 
Finally, by applying Lemma 2, the proof is complete. 
Corollary 1. If we replaced (𝐻ℱ2)∗ with: 
(𝐻ℱ2)

∗∗ There is a 𝜑 ∈ 𝐿𝑝(𝑇, ℝ+) such that for any 𝑤 ∈ 𝐸 

||ℱ(𝜗,𝑤)|| ≤ 𝜑(𝜗), 𝑎. 𝑒. 𝜗 ∈ 𝑇.  
then, the condition (36) becomes 

(46)      𝑀1(𝑎 + 𝜎) + 𝑀2
𝜛𝛾

𝛾
ℵ2[𝑎 +𝑀1(𝑎 + 𝜎)] < 1. 

Proof. Let 𝑟 > 0 and suppose it satisfies 

(47)    𝜉

1−𝑀1(𝑎+𝜎)+𝑀2
𝜛𝛾

𝛾
ℵ2[𝑎+𝑀1(𝑎+𝜎)]

< 𝑟, 

where 
𝜉 = 𝑀1(||Ψ(0)|| + 𝑑) + 𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+) 

(48)  + 𝑀2
𝜛𝛾

𝛾
ℵ2[||𝑤1|| + 𝑑 + 𝑀1(||Ψ(0)|| + 𝑑) +

𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)]. 

We just need to check ℛ(𝐵0) ⊆ 𝐵0, where 𝐵0 = {𝑤 ∈ ℋ: ||𝑤|| ≤
𝑟}. Let 𝑤 ∈ 𝐵0 and 𝑦 ∈ 𝑅(𝑤). Then, there is 𝜉 ∈ 𝜏ℱ(.,𝑤(.))

𝑝  such that 
𝑦 satisfies (38). As in Step 1 of the proof of Theorem 2, we obtain the 
estimate: 

||𝑦(𝜗)|| ≤ 𝑀1(||Ψ(0)|| + 𝑎𝑟 + 𝑑 + 𝜎𝑟) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂

+ 𝑀2

𝜛𝛾

𝛾
𝜍 

= 𝑀1(||Ψ(0)|| + 𝑎𝑟 + 𝑑 + 𝜎𝑟) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 

+𝑀2

𝜛𝛾

𝛾
ℵ2[||𝑤1|| + 𝑎𝑟 + 𝑑 + 𝑀1(||Ψ(0)|| + 𝑎𝑟 + 𝑑)

+ 𝑀1𝑟𝜎 +𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)]. 

= 𝑀1(||Ψ(0)|| + 𝑑) + 𝑀2||𝜑||𝐿𝑝(𝑇,ℝ+)𝜂 

                                              +𝑀2
𝜛𝛾

𝛾
ℵ2[||𝑤1|| + 𝑑 +

𝑀1(||Ψ(0)|| + 𝑑) + 𝑀2𝜂||𝜑||𝐿𝑝(𝑇,ℝ+)]. 

(49)       +𝑟 [𝑀1(𝑎 + 𝜎) + 𝑀2
𝜛𝛾

𝛾
ℵ2(𝑎 +𝑀1(𝑎 + 𝜎))] ;  𝜗 ∈ 𝑇. 

It follows from (46)–(49) that ℛ(𝜛0) ⊆ 𝐵0. 
Remark 1. The controllability of (2) can be achieved by adopting the 
assumptions and arguments used in Theorem 1. The same applies to 
the controllability of (1). 
Example 

Assume that 𝜚: (−∞, 0] → (−∞, 0] is a continuous function with 
𝐿 = ∫ 𝜚(𝜏)𝑑𝜏 < ∞

0

−∞
, and let 𝐵𝜚  be the vector space of all functions 
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𝑤: (−∞, 0] → 𝐸 which is bounded and measurable on [−𝑟, 0] for 
each 𝑟 > 0, and satisfy ∫ 𝜚(𝜏) sup𝜗∈[𝜏,0] ||𝑤(𝜗)|| 𝑑𝜏 < ∞

0

−∞
. It is 

known that, 𝐵𝜚  is a phase space that fulfils all assumptions of 
Definition 1, with the norm given by ||𝑤||𝐵𝜚 =

∫ 𝜚(𝜏) sup𝜗∈[𝜏,0] ||𝑤(𝜗)|| 𝑑𝜏
0

−∞
 (Karthikeyan et al., 2021). 

Let 𝛺 = {𝜏 = (𝜏1, 𝜏2): 𝜏12 + 𝜏22 ≤ 1} , and 𝐸 = 𝑤 = 𝐿2(𝛺) . 
Define an operator 𝐴:𝐷(𝐴) ⊆ 𝐸 → 𝐸 by 
(50)                                                                    𝐴(𝑢) ≔ ∆𝑢 − 𝑢, 
with 𝐷(𝐴) = 𝐻2(𝛺) ∩ 𝐻01(𝛺). It is known that (Ren et al., 2019) A 
is a sectorial operator. Let  𝑇 = [0,1],𝑚 = 2, 0 = 𝜗0 < 𝜗1 =

1

3
<

𝜗2 =
2

3
< 𝜗3 = 1, 𝑍 be a non-empty, compact and convex subset of 

𝐸, 𝜐 = 𝑠𝑢𝑝𝑧∈𝑍||𝑧||. Consider ℱ: 𝑇 × 𝐵𝜚 ⟶ 𝑃𝑐𝑘(𝐸) defined by: 
(51)              ℱ(𝛿, 𝜓) = {𝑧 ∈ 𝐸: 𝑧(𝜏) =
𝑒−𝑟𝜗√𝜏1

2+𝜏2
2||𝜓||

𝛿(1+||𝜓||)
𝑍, 𝜏 = (𝜏1, 𝜏2)},  

where 𝑟 > 1 then, 

||ℱ(𝛿, 𝜓)|| = 𝑠𝑢𝑝
𝑧∈ℱ(𝛿,𝜓)

||𝑧||𝐸 = 𝑠𝑢𝑝
𝑧∈ℱ(𝜗,𝜓)

[∫ ||𝑧(𝜏)||
2

𝛺

𝑑𝜏]
1
2 

=
𝑒−𝑟𝜗||𝜓||

(1 + ||𝜓||)
[∫ (𝜏1

2 + 𝜏2
2)

𝛺

𝑑𝜏]
1
2 

(52)                              ≤ 𝑒−𝑟𝜗||𝜓|| < 𝑒−𝑟𝜗(||𝜓|| + 1). 
In addition, let 𝜗 ∈ 𝑇, 𝜓1, 𝜓2 ∈ 𝐵𝜚  and 𝑧1 ∈ ℱ(𝜗, 𝜓1). Then, 

𝑧1 =
𝑒−𝑟𝜗√𝜏1

2+𝜏2
2 sup
𝜃∈(−∞,0]

||𝜓1(𝜃)||𝑤

𝜐
, 𝑤 ∈ 𝑍. 

Put 𝑧2 =
𝑒−𝑟𝜗√𝜏1

2+𝜏2
2 sup
𝜃∈(−∞,0]

||𝜓2(𝜗)||𝑤

𝜐
, 𝑤 ∈ 𝑍 . 

Obviously, 𝑧2 ∈ ℱ(𝜗, 𝜓2) and 

||𝑧1 − 𝑧2|| ≤ 𝑒
−𝑟𝜗[ sup

𝜃∈(−∞,0]
||𝜓1(𝜃)||

− sup
𝜃∈(−∞,0]

||𝜓2(𝜃)||][∫ |𝜏|𝑑𝜏
Ω

]
1
2 

= 𝑒−𝑟𝜗 sup
𝜃∈(−∞,0]

(||𝜓1(𝜃)|| − ||𝜓2(𝜃)||) 

≤ 𝑒−𝑟𝜗 sup
𝜃∈(−∞,0]

||𝜓1(𝜃) − 𝜓2(𝜃)||, 

 which yields 

(53)            ℎ(ℱ(𝜗,Φ1), ℱ(𝜗,Φ2)) 

                   ≤ 𝑒−𝑟𝜗 sup
𝜃∈(−∞,0]

||𝜓1(𝜃) − 𝜓2(𝜃)||, ∀𝜗 ∈

𝑇,Φ1, Φ2 ∈ 𝐵𝜚 . 

It follows from (52) that, for any bounded subset, Ω , of 𝐵𝜚  one has 

𝜒(ℱ(𝜗, Ω) ≤ 𝑒−𝑟𝜗 sup
𝜃∈(−∞,0]

𝜒{𝜓(𝜃): 𝜓 ∈ Ω}. 

Then, assumptions (𝐻ℱ1), (𝐻ℱ2)
∗ 𝑎𝑛𝑑 (𝐻ℱ3)  are satisfied. Let 

𝑔:𝐵𝜛 ⟶𝐵 be defined by 
(54)        g(𝑤)(𝜗) = 𝜆𝛶(𝑤(𝜗));  𝜗 ∈ (−∞, 0], 𝑤 ∈ 𝐵𝜛 , 

where 𝜆 > 0  and 𝛶: 𝐸 → 𝐸  is a linear, bounded and compact 
operator. Notice that ||𝑔(𝑤)(0)|| ≤ 𝜆||𝛶||||𝑤(0)|| ≤
||𝛶||||𝑤||𝐵𝜛 . Therefore, (𝐻𝑔1)∗  is verified with 𝑎 = 𝜆||𝛶||  and 
𝑑 = 0. Let 𝑤𝑛 → 𝑤 in 𝐵𝜛 . Then, 𝑤𝑛(0) ⟶ 𝑤(0) in 𝐸, and hence 
𝑔(𝑤𝑛)(0) → 𝑔(𝑤)(0). Moreover, if 𝐷 is a bounded subset in 𝐵𝜛 , 
then, from the compactness of 𝜗 , the set {𝑔(𝑤)(0):𝑤 ∈ 𝐷}  is 
relatively compact in 𝐸 . So, (𝐻𝑔2) 𝑎𝑛𝑑 (𝐻𝑔3)  are satisfied. Let 
𝐼𝑖: 𝐸 → 𝐸 (𝑖 = 1, 2) be defined by 
(55)                     𝐼𝑖(𝑤) = 𝜎𝑖𝛶(𝑤), 

where 𝜎𝑖  are positive real numbers. Next, suppose 𝑉: 𝐿𝑝(𝑇, 𝑤) →
𝐿𝑝(𝑇, 𝐸)  is a bounded linear operator such that the operator 

∆: 𝐿𝑝(𝑇, 𝑤) → 𝐸 defined by 

(56)                     ∆(𝑧) = ∫ 𝜅2(𝜛 − 𝜏)(𝑉𝑧)(𝜏))𝑑𝜏
𝜛

0
, 

has a bounded inverse ∆−1: 𝐸 → 𝐿𝑝(𝑇, 𝑤)/𝐾𝑒𝑟(𝛥) . Let ℵ > 0 
with ||∆−1|| ≤ ℵ  and ||𝑉|| ≤ ℵ . By choosing 𝑟, 𝜆, 𝜗, 𝜎1, 𝜎2  such 
that the inequalities (35) and (36) are satisfied, we can apply Theorem 
2. Therefore, the system (2) is controllable, where 𝐴, ℱ, 𝑔, 𝐼𝑖 , 𝑉 and ∆ 
are given by (51) and (53)– (56). 

3. Discussion and Conclusion 

In recent years, there have been many contributions concerning 
various kinds of controllability of different types of differential 
equations and inclusions involving fractional derivatives. Some of 
these works have considered problems with finite or infinite delay, 
infinite delay and impulsive effects. Others have treated problems 
generated by semigroups of operators, sectorial operators and almost 
sectorial operators. However, to the best of our knowledge, the 
controllability of Caputo fractional differential inclusions generated 
by sectorial operators and in the presence of nonlocal conditions, 
impulses and infinite delay has not yet been treated. 
In this paper, we fill this gap and prove the exact controllability of two 
fractional differential inclusions generated by sectorial operators in 
infinite-dimensional spaces and with impulses, infinite delay and 
nonlocal conditions. 
We did not assume, similar to Alsaroria and Ghadle (2022), that the 
families of operators {𝜅1(𝜗): 𝜗 > 0} and  {𝜅2(𝜗): 𝜗 > 0}, which 
are generated by 𝐴, are compact, and this increases the importance of 
this work. 
Our technique was based on the properties of phase spaces, 
fractional sectorial operators, multi-valued functions, the Hausdorff 
measure of noncompactness and a fixed-point theorem for multi-
valued functions. 
Since fractional calculus has many applications in medicine, energy 
and other fields of science, this work contributes to these 
applications. 
Many directions for future work are possible. Indeed, our technique 
can be used to: 
a. Generalise the results in Alsheekhhussain and Ibrahim (2021) and 

Kumar et al. (2022) to the case when the nonlinear term is a multi-
valued function. 

b. Extend the obtained results in Abbas (2020), Almarri and Elshenhab 
(2022), Varun et al. (2022) and Mohan et al. (2024), in the presence of 
impulses, nonlocal conditions and infinite delay, and when the linear 
term is a fractional sectorial operator and the nonlinear term is a multi-
valued function. 

c. Extend the work in both Almarri and Elshenhab (2022) and 
Karthikeyan et al. (2021) when the delay is infinite. 

d. Study the controllability of the considered problem in Raja et al. 
(2025). 
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