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ABSTRACT

This paper demonstrates the controllability of two fractional nonlocal impulsive semilinear differential inclusions with infinite delay, where the linear partis a
fractional sectorial operator and the nonlinear term is a multivalued function. The operator families generated by the linear part are not assumed to be compact.
The objective is achieved using the properties of fractional sectorial operators and the Hausdorff measure of noncompactness. The results generalise several
recent findings, and the method can be used to extend further contributions to cases where the linear term is a fractional sectorial operator and the nonlinear
term is a multivalued function, in the presence of instantaneous impulses and infinite delays. The novelty of this work lies in initiating the study of the
controllability of a system involving a fractional Caputo derivative under infinite impulses and delays. An example is presented to verify the theoretical
developments. Given the wide-ranging applications of fractional calculus in medicine, energy and other scientific fields, this work contributes to those domains.
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1. Introduction

Fractional calculus has many applications in industry, energy, fluid
flow, control theory, electrical circuits, electrochemistry, engineering,
polymer science, organic dielectric materials, viscoelastic materials,
rheology, diffusive transport, electrical networks, electromagnetic
theory and physics (Baleanu and Lopes, 2019; Butt er af, 2023;
Sudsutad er al, 2024). Many phenomena in real life are characterised
by sudden changes in state and are modelled by impulsive differential
equations and impulsive differential inclusions. For example,
consider the motion of an elastic ball bouncing vertically on a surface.
The instants of impulses occur when the ball meets the surface and
its velocity changes rapidly. One of the recent works on this topic was
presented by Aladsani and Ibrahim (2024).

Sectorial operators have many applications in partial differential
equations. In Wang er a/ (2015), the existence of mild solutions for
fractional differential inclusions with fractional sectorial operators,
impulsive effects and nonlocal conditions was demonstrated. It is
known that nonlocal Cauchy problems are motivated by physical
problems and various phenomena, such as nonlocal neural networks
and nonlocal pollution. Many findings on nonlocal differential
equations and inclusions have been reported (Hassan er al, 2022;
Zhang eral, 2019).

A system is said to be controllable if a control function exists that
directs the solution of the system from its initial state to its final state.
This subject is of interest because many control processes can be
represented as differential equations or inclusions. Approximate
controllability means that the system can be steered to an arbitrarily
small neighbourhood of the desired final state. In recent years, several
achievements have been made regarding exact controllability
(Almarri and Elshenhab, 2022; Alsaroria and Ghadle, 2022;
Alsheekhhussain and Ibrahim, 2021) and approximate controllability
(Varun er al, 2022; Dineshkumar and Udhayakumar, 2022;
Dineshkumar er al, 2022; Kumar, 2023).

Wang eral. (2020) studied the finite controllability of Hilfer fractional
semilinear differential equations, while Chalishajar er al (2024)

discussed the null controllability of Hilfer fractional stochastic
differential equations with nonlocal conditions. Some authors have
considered the controllability of problems with finite delay (Almarri
and Elshenhab, 2022; Karthikeyan er a/, 2021), infinite delay (Bose
and Udhayakumar, 2023; Slama and Boudaoui, 2017) and impulses
(Wang eral, 2019).

Different kinds of controllability have been investigated when the
linear part is the infinitesimal generator of a semigroup of operators
(Wang er al, 2019), a fractional sectorial operator (Alsaroria and
Ghadle, 2022; Raja er a/, 2022), or a fractional almost sector operator
(Varun eral, 2022).

Furthermore, some authors have treated problems involving integer-
order systems (Karthikeyan er a/, 2021), and others have addressed
systems with the fractional Caputo derivative (Almarri and
Elshenhab, 2022; Wang er al, 2019), the Atangana—Baleanu
derivative (Dineshkumar er a/, 2022), the Riemann—Liouville
derivative (Yang and Wang, 2016) and the Hilfer—Katugampola
derivative (Hassan er a/, 2022). For contributions concerning the
controllability of problems with nonlocal conditions, see Kumar er a/.
(2020) and Slama and Boudaoui (2017).

Nonetheless, the number of works in the literature on the
controllability of problems involving infinite state-dependent delay
and impulsive effects is limited, particularly when the right-hand side
is a multi-valued function. To the best of current knowledge, the
controllability of Caputo fractional differential inclusions generated
by fractional sectorial operators in the presence of nonlocal
conditions, impulsive effects and infinite delay has not yet been
addressed.

The objective of this article is to examine the existence of mild
solutions and to study the exact controllability of two impulsive
fractional differential inclusions with fractional sectorial operators in
the presence of infinite delay and nonlocal conditions, with the
following structures:
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DTw®) € Aw(®) + F(,wy) + Q(U()),a.e.on T — {8;,95, ..., 9},
(€8] { w@F) = w@p) + L(w@)) k=12,..,m,
w(®) = Y®) — gw)(®),9 € (—,0].

and

w@) =w®p) + L(w®p)) k=12, ..,m,

{ DYw(®¥) € Aw(®) + F@,wy) + (V2)(®),a.e.on T — {89;,9, ..., 9}
@
w(@®) = ¥(®) - gw)(©),9 € (—,0],

where m = 2 is a natural number, y € (0,1),T = [0,w], @ >
0, °D "w(¥9)isthe Caputo derivative of order y(Kilbas et al, 2006), E
is a real Banach space with dim(E) = o,w:T - E,A:D(A) <
E — E'is a fractional sectorial operator as in Wang er al. (2015), and
the function wy(s) = w(9 +s),s € (—0,0], belongs to some
abstract phase space B, F:T x 8 — 2F is a multi-valued function
with non-empty values, 0 =9y <9; < <V, <Vpp41 =@,
Iy:E - E (k=1,2,...,m) are impulsive functions characterising
the jump of the solutions at impulse points, ¥ € f and g: Bz — B is
a nonlinear function related to the nonlocal condition, and .Bzzr will be
defined later.

In Problem (1), the control function U € L®(T, X), where X is a real
Banach space and Q:X — E is a bounded linear operator. In

1
Problem (2), the control function Z € LP(T,X),p > - and

V:LP(T,X) — LP(T,E) is a bounded linear operator. The gpaces
Bw and PC(T, E) will be defined later.

It is worth noting that we do not assume that the operator families
generated by A4, {i; (9):9 > 0} and {x,(9): 9 > 0}, are compact,

and this increases the importance of this work.

Recently, Alsaroria and Ghadle (2022) studied the controllability of
Problem (1) without delay, assuming that the operator families

generated by 4, {ic; (9):9 > 0} and, {k,(9): 9 > 03}, are compact.

To compare with related work, Alsaroria and Ghadle (2022)
examined the controllability of Problem (1) in a special case without
delay, assuming the families of operators generated by
A, {r,(9):9 > 0} and {k, (9):9 > 0} are compact. Johnsona er
al (2023) showed the existence of a mild solution to Problem (1)
when Q = 0. Raja er al. (2022) obtained sufficient conditions for
approximate control of nonlinear fractional differential integral
embeddings of degree 1 < a < 2, similar to Problem (1) in the
case without delay. Wang er a/ (2015) showed the existence of
moderate solutions to Problem (1) when Q = 0 and there is no
delay. Furthermore, no studies were found on Problem (2).

The main contributions of this paper are summarised as follows:

®  Anew class of differential inclusions (with the right-hand side as a
multi-valued function) generated by sectorial operators with infinite
delay, impulsive effects and nonlocal conditions in infinite-
dimensional Banach spaces is formulated.

®  Unlike other works, such as Alsaroria and Ghadle (2022), this study
does not assume that the operator families {1;(99):9 > 0} and
{r2(9):9 > 0}, generated by A, are compact, thereby increasing the
importance of the work.

° The discussions are based on the properties of phase spaces, sectorial
operators, multi-valued functions, and the Hausdorff measure of
noncompactness.

®  The existence of mild solutions and the controllability of systems (1)
and (2) are established.

®  Wang eral (2015) studied Problem (1) in the special case where Q =
0 and delay is absent. Alsaroria and Ghadle (2022) addressed Problem
(1) with finite delay, assuming the compactness of the operator
families {rc; (9): 9 > 0} and {x,(9): 9 > 0}. This assumption is not
adopted in the present study. Therefore, the results generalise
Theorem 3.1 in Wang er a/. (2015) and Theorem 3.4 in Alsaroria and
Ghadle (2022).

. The technique presented here can be used to generalise the results
obtained in Almarri and Elshenhab (2022), Bedi, Varun er a/. (2022),
Dineshkumar and Udhayakumar (2022), Kumar er a/. (2022), Salem
and Alharbi (2023), and Varun and Bose (2023), particularly when the
right-hand side is a multi-valued function instead of a single-valued

function and in the presence of instantaneous impulses.

° Finally, an example is provided to demonstrate the applicability of the
theoretical results.

For directions on future work, refer to the Discussion and Conclusion
section.

Structure of the paper: Section 2 presents the background material
required for later development. Section 3 establishes sufficient
conditions for the controllability of Problem (1). Section 4 discusses
the controllability of Problem (2), based on different sufficient
conditions from those in Section 3. Finally, an example is provided.

2. Preliminaries and Notation

LetP. (E) = {Z € E: Z is non — empty, convex and compact}, N =
{1,23,..}, 1, ={0,1,2,...,m}and I, = {1,2, ..., m}.

Let D(A) ={x € E: A(x) is defined} , o(A) its spectrum,
p(A)=C—0(4), and R({,A)= (I —A)",{Ep(A) the
resolvent operators of A.

For any function w: (=00, w] = E and 9 € T, let wy: (—0, 0] =
E; we(t) =w@ + 1);T € (—0,0].

Let Ty = [0,91], T; = (9;,9;41]; i € I1; and consider the Banach
space PC(T,E) = {w:T - E: |, is continuous and w(®;}) and
w(d;) are finite for all i€y} , where [|W||pcerp) =
Sup{||w(z9)||:z9 € T}. Moreover, the Hausdorff measure of
noncompactness on PC(T, E) is given by (Cardinali and Rubbioni
2012):

XPCO0 = max xca,m(Yin)

whereY € PC(T, E) is bounded,

Y7, = {(FreECT,E): ) =f©); 9T, f ) =
fON,.feY}

and X¢(7,g) is the Hausdorff measure of noncompactness on
C(T,, E) defined by (Kamenskii er af, 2011):

1
ree) (M) = 5 limsup max 10 = fOI.
It is known (example 2.1.3 in (Kamenskii et al., 2011) that if Z7, is
equicontinuous, then
xeapy(Yir) = subeer xe{f(): f € Yz},
where yg denotes the Hausdorff measure of noncompactness on E.
Definition 1. (Hale and Kato, 1978). A phase space is a vector space
B consisting of functions
w: (—o,0] - E, equipped with a seminorm ||. ||ﬁ such that:
1- If wi (=%, @] > E is such that wir € PC(T,E) and w, € B,
the following properties hold:
Wy € ,B,V‘L‘) eT.
There exists C > 0 such that |[w(@)|| < C||lwyl|g, VO € T.

There exist a continuous function Ly : [0, 00) — [0, 00) and a locally
bounded function L2: [0,0)—>[1,%) such that

(3) llwsllg < Ly (9) sup{|lw(@)||: T € [0,9]}
+ Ly@)|lwol |, ¥0 €T

2-The function t = wy is continuous from Tinto f3.

3- [ is complete.

For any 9 € T = [0,w], the fucntion wy: (—,0] -
E; is defined by wg(t) = w(I + 1)..

We now introduce the vector space

B = {w: (o0, @] - E such that wy € B,wr € PC(T,E)},
endowed  with  the  seminorm  [|w||g, = ||W0||ﬁ +
supzer|lw@||.

Moreover, let
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H == {w € Bgy:wy(r) = 0,VT € (—0,0]}.

It may be noted that (3£, ||. ||;) is a Banach space, where ||w||3; =
supyer|Iw(@)|], and the Hausdorff measure of noncompactness on
itis defined by:

Xue(D) = _max xi(Dir).

where D is a bounded subset of /.

Remark that, if € 3, then ||w||g_ = supee;|Iw(©I] = [Iw]|4-
Definition 2. (Kilbas er a/, 2006) The Riemann—Liouville fractional

integral of order g > 0 with the lower limit zero for a function f €
LP(T,E), P € [1, ) is defined as follows:

19°0(9) = —— f W —s)"Lf(s) ds, teT,
r'(q)
where the integration is in the sense of Bochner and I' is the Euler

gamma function.

Definition 3. (Kilbas er a/, 2006) Letq € (k — 1,k) and k be a
non-negative integer. The Caputo derivative of order g with the
lower limit zero for a given function f € C¥ (T, E) is defined by

DFO) = 1) = s [y (0 = )T f(s) ds.

Let us list some properties of the Riemann—liouville integral and
Caputo derivative.

Lemma1. Letq € (k — 1,k) and k be a non-negative integer. The
following properties hold.

1. °DY(a) = Owhere @ is a constant.
2. Iff € LP(T,E),P > G) then DIIIF(9) = f(9),a.e.9 €T.
3. CDq(lglf) — ﬂﬁﬁ*ﬂ/\,ﬁ >k—1.

r(B+1-a))
4. If f € C¥(T,E), then

5. 19°DIf(9) = £(9) — £(0) — Tazk O,

For more information about the fractional calculus we refer to, (Az-
Zo'bi eral 2024), (Al Zubi er al. 2024) and (Kilbas er a/, 2006).

Next, we recall the notation of fractional sectorial operators (Wang er
al, 2015). Let @, € (0, 2] andty € R. We denote by MY (@, to) to
the family of linear closed densely defined operators A satisfying:

K’ € p(A) for any K €Xy +£(to) ={keC—{0}:|arg(x —
to)| < o + }

Foranyt > tyand @ < (Z)o, there is a constant C = C(t, @) such
that ||k IR (x?, A)|| < forl €K€Y, +n(t0)

Now, according to Def. 2 20 in (Wang er al, 201 5) we have the
following definition:

Definition 4. Let A € MY (@, to), Do € (0,% JtoERand U €
L®(T, X). Afunctionw® € B is called a mild solution for problem
(1) if and only if there exists a function f € Ll(T, E) with §(¥9) €
F©, (wY)y), a.e. such that

@ @
Y@ — gw)(®); 9 € (-,0],

K,9) (W(0) — gw®)(0)) + fﬁ K20 =0 (@) + Q(UD) ) drv € Ty,
0
k1 (9) ((0) = gw?)(0)) + ey (9 = 91 (w5 )
+J00 K2 (9 — 1) (f(T) + Q(U(‘r))) dt,v €Ty,

k=m

5 @) ($0) = 9w ") + Y 1 = 9l (wO)))

k=1

+ Jj Ko (9 — 7) (f(‘f) + Q(U(T))) dt,v € Ty,

where

@) =5 [ e R(er g,
Y

1
= 3 y-1
@) = 7| PR AL,
and Y is a suitable path lying in ZGOJFE(WO)‘
2

Lemma 2. (Wang er al, 2015). The operators k4 (9) and k5 (9)
satisfy the properties:

There are M > 1,w >wy and C > 0 such that ||k, (9)]] <
Me"? and ||, ()] < CeW? (1 + 9Y 1) foreachd > 0.

Foranyd € T.
() 11 | |ey < My and |l (9|1 ) < 97 7'My,
where
(6) My = sup |liy(9l]yes) and M,
0<I<w
= sup CeWd(1+917).
0s9<w

Definition 5. Let A€ MV((I)O, to), o € (O ] to €ER and €
LP(T,X);p > 2 A function w? € B is called a mild solution for
problem  (2) Tif there exists £ € L\(T,E) with &(9) €
F9, (w?)y),a.e. such that

@) w*(®)
YY) —gw)®); 9 € (—o0,0],

9
1 @) (W) — gw?)(0)) + f 1,0 —1)(E@ + (V) (@))dr,v €T,
1, () (W(0) — gw?)(0)) + 1, (® — 91, (9 — 97)

9
+ f K, (9 —D(E@ + (V) (@)dr,veT,
0

k=m

1 @)(WO0) — gw)(O) + ) 1,8 — 9L (W)

k=1

9
+ [ -6 + W@ e,

0

Definition 6. The Problem (1) is called nonlocal controllable on T =
[0,z5], if for each w; € E, there exists a control function U €
L®(T, E) such that any corresponding mild solution w¥ € B to
Problem (1) must satisfy w?(0) = ¥(0) — g(w’)(0) and
wO (@) = wy — g(w®)(0).

Definition 5. The system (2) is said to be nonlocal controllable on the
interval T = [0, @] if for each w; € E, there exists a control
function z € LP(T,X),p > L such that any corresponding mild
solution w? € S for Proble};n (2) must satisfy w?(0) =¥(0) —
gw)(0) and w*(@) = wy; — g(w?)(0).

Lemma 3. (O'Regan and Precup, 2000, Theorem 3.1). Let D be a
closed convex subset of a Banach space and R: D — §.(D) with a
closed graph and maps compact sets into relatively compact sets.
Assume that there is wy € D such that, for any € D , with K =
Conv({wo}UR(K)),I? = Z,Z <D countable, we get K is
relatively compact. Then R has a fixed point.

2.1. Controllability of the system (1):
Theorem 1. Assume the following conditions:
(HF) F:T X B = P, (E) such that

(HF,) For each z € B, the multifunction 9 - F (9, z) admits a
strongly measurable selection, and for almost each ¥ €T , the
multifunction z — F (U, z) is upper semicontinuous.
(HF,) For any n € N, there exists a g, € LP(T,R*) satisfying
sup||w||ﬁsn||7’(19,w)|| < 0,(9),fora.e.d € T and
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(8) lim inf”gnlu+'m+’ =0.

n—oo

(HF3)Thereisa¢ € LP(T,E),p > %such that, for each bounded

subset Z € 8 we have
) xe(F(T,2)) < 5(v) o2 xeW @)y € Z},
a.e.forteT .

(Hg) The function g: B — B verifies:
(Hg1)
(10) limin

||w||ﬁﬂ,foo llwllg,
(Hg,) fwy, = w in By, then lim g(w)(0)g = g(w)(0).

n—oo

(Hgs) {g(2)(0):z € D} is compact in E whenever D C B, is
bounded.

(HI) For any i € I11,I;: E = E is continuous and compact, and
there are non-decreasing functions h;:R* - R such that

lgwOlls _

||1i(W)|| < hi(||W| ),W € E and
(11) lim inf 2™l — 0 i € 11,.
n—-oo n
(HA) The operator A: L*(T, X) — E, defined by
(12) A(U) = ff K, (@ — )Q(U(D))dr,

is linear, bounded and has a bounded inverse A™".

Then, the system (1.1) is controllable on T if the following inequality
is satisfied:

14
(13) 2Ma||Blpr e |1+ MM, ] < 1
p1 1
where n = (;/;-11) P @' » and N >0 with ||47}]| < N and
el < n.

Proof. Note that, forany U € L*(T, X),
w

1411 < N [ (@ = 07Ul e
0

wy
< MaN|[0]] 2o (1,0) >

which means that A is well defined. Let w € S be fixed. In view of
(HF,) and (HF,) , there is é§ € LP(T,E) with é(I) €
F(9,wy),a.e. Then, thanks to (HA) we can define a control
function Uy, ; € L”(T, ) as:

Uy = A7 [wgw)(0) — 1, (@) (¥(0) — g(w)(0))
k=m
14 @
(14) _ Z K1 (@ — 9L (W) — f i, (@ — () dT].
k=1 0
Thus, a multifunction R: £ = 2% can be defined as follows: y €
R(w) if and only if

15  y®)
0,9 € (=0, 0],

1 (O (P(0) — gw)(®) + f ’ =) (5(1) +0 (Uwg(‘r))) drv e T,
0
1, (9)((0) = g(@)(©)) + 1 (9 — 81y (WP D))
+ f: K,(9 — 1) (f(r) +.Q (Uwf(r))) dr,v €Ty,
em

K@@ - gwO) + Y 118 = 81 (w0 E0))

k=1

+ Jj K (9 — 1) (f(‘l’) +Q (Uw,{('f))) dt,v € Ty,

where  § € 73,5y = {v € LP(T,E):v(t) € F(t,wp), a.e.} .
Notice that, if W is a fixed point for R, then from (H4), (14) and (15)

w(@) = K1(w)(‘z"(0)k—_£(w)(0))
+ i 1 (@ — 9L (Ww(®;))
k=1
+ fomkz(w —1)é(t)dr
+ fom k(@ —1)Q (Uwg(r)) dt

k=m
=1 @) (P(0) — gw)(0)) + Z CICRR N ICCH))
k=1
+ f Ky (@ — 1)é(T)dt + AUy )
0
k=m
=1, @)(P(0) — gw)(0)) + Z (@ ~ 91 (w(F))
k=1

+ f s (@ — DE@T +wy — gW)(0)
0

- Ky (@)(#(0) - g (O)

= @ = 9 (w5))

k=1

- f 2 (@ — DE@T = wy — g(w)(0).
0

Thus, the function w: (—o0, @] — E defined by

_ Y@ — gw)(®),9 € (—o»,0],

w(o) = { wg(z9),19 € [0, ],
is a mild solution of system (1) and satisfies w(0) = ¥(0) —
g(w)(0) and w(@) = wy — gw)(0).
Our goal is to prove, using Lemma 2, that R has a fixed point. Clearly
R(w); w € H is convex.
Step1. In this step, we demonstrate the existence of ny € N such
that R(Dno) C Dp,; Dy, = {w € H:||wl|3r < ng . Assume, by
contradiction, that foreach r € N, there exist w;., k,- € H with k,. €
R(wy), |lwyl]3¢ < 7 and ||k, 1|3 > 0. So, there exists a sequence

)21 € r:‘;(_,(wr)ﬂ) such that:

(16) k()
0,9 € (—o,0],

9
Q@O - gw)©) + [ 150 =0 (6@ +0(Vu,e,®))drv e T,
0
16 @)(¥(0) = gw;)(0)) + 16, (9 = 91)11 (w, (97))

+ f: Ky (9 —T) (f,(‘r) +Q (Uw,,sr(f))) dt,v€EeTy,

k=m

(@O — 9w @) + D 160 = 91w, 9))

k=1

+ fo * -1 (;,(r) +0 (Uwr,;r(f))) d,v €Ty,

Notably, (3) yields ||(Wr),9||ﬁ <&, VY €T andr = 1. Then, by

(HF,) forallr > 1,

(17) [1E&-@I| < ¢pp(1),a.e.9ET,

where & = sup{L,(9):9 € T}. Since p > % the function 7 -
D

(¥ — 7)Y 1 belongs to L»-1(T, R™). Consequently, using (17) and
Holder's inequality, we obtain, foranyr € Nandd € T
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9 9
1 e -8 @arl < em, [ 0 -0,
0 0

B G=Dp  p-1
_ -1

(18) < szllerLv(r.n«*)(fo wo T
L

=M, |19l e (Z’Y——l)

< fMZTI“(PrllLP(T,lR*)'

1
" p

Next, since Uy, ¢ € L®(T,w), then for any w € H and any § €
T;i'(.,w(.))' we have, for almosteveryt € T

Ow,e |1 < |V, lieorx)
< A wal] + [lgW) O] + e, @I IL O] + |Igw)(O)I])

k=m
(19) + 3 [k (@ = 91w )]
k=1

H1 [ (@ = Dg@drll
0

This inequality gives us,
9 9
1 200 = D00y, @eell < Mo [ = 07 [00, 5, Dl
0 0

Y
< M N[ lws| + g ) O] + Il @I PO + 19w )OI
(20) k=m
3 lren@ = 8111w @)1
k=1

HI [ wo(@ = 08 @l
0

Consequently, if 9 € Ty, then from (Hgy), (HI), (16) and (20), it
follows:

|1 D] < My (|19 O] + [1g(w;)(0)]])
+ 2 Pr Lp(T,R+)n
w?
+MuN —=N{[Iwal| +[lg (W) Ol
+ M, ([[POI] + |lgw,) (0)1])
k=m
My ) (1)) + Mo 1011 g e 1
Likewise, when éc:el Ty, & € T4, we have:
[l D] < My ([P OI] + |Ig(w,) (0)1])
k=m

My b ([1we]) + o]0y e
k=1

Y
+w7N2Mz[||W1|| +[1lgw) )|
+ M, (JIP 1| + [lgwn) (O)])

k=m

My " (1w l[) + M8 1911 g o
Then, =t

r< |l l] < M1(||‘P(0)I|kf |lgwy) (0)1])

My 1)+ Mo 190
k=1

Y
+w7N2M2[||W1|| + 19w )|
+ M, (JIP )| + [lgwn) (O)])

k=m

My ) )+ M9
k=1
By dividing both sides by 7 and taking the lim inf as 7 — oo, and

using (8), (10), and (11), we obtain the contradiction 1<0. Thus, there
exists ng € Nsuchthat R(Dy, ) < Dy,

Step 2. Let K = R(Dy,, ). We claim, in this step, that the set Kf; is

equicontinuous for each i € II,;;, where
Kr ={"€CT,E):y ¥ =y®),9€T,y' @) =
y(®),y € K}.

Lety € K, Then, there exists w € Dy, such thaty € R(w). Hence,
there exists § € T;i-(_ we) such that

y(©)
0,9 € (—,0],

9
K () (¥(0) — gw)(0)) + f K, (9 — 1) (.f(r) +Q (Uwyf(r))) dr,v €T,
0
O ORFIGIOIEFACEENACICID)]
9
- w, dr, ,
+[ -0 (5@ +o(v «@))drver,

k=m

K (@) (P(0) — g (M) + > 1 — 9L (w®;))
k=1

9
9 — U, dt,u €Ty,
+f xz(_r)(emw £@))drv e
Case1.Letd,9 + 8§ € Ty = Ty. Then,

[ly* @ +8) — y* | = |ly@ + &) — y©®)|
< |k @ + &) (W) — gw)(0)) — 1, (9) (wo — gw)(O)]

+ f“s k(9 + 8 —1) <E(T) +Q (UW,E(T))> dr
0

)
- [ k@ -0 (60 + 0 (Vus @) ) ar
0
K1 (9 + 8) (P(0) — gW)(0)) — k1 () (wo — gW)(O)|

+1 L w50 (6@ + @ (Vus @) ) al

9
+||f [k,(9+6—1)
0

~ 10 = D (§@) + @ (V@) )
=Gy + Gy + G3,
where

Gy = ||K1(79 + 5)(W0 - g(w)(O)) - K1(19)(W0 - g(W)(O))“,
9+8

G, =111, " 20 +8 =) (50 + € (V@) ) el
and
Gs = 11 ;Do + 6 = 1) = 1o — ] (0 +
Q (Vg ) drll.
Thanks to (Hgs) , there exists a constant k > 0 such that
[lgw)(O)I| < k,Yw € By, Thus,

lim Gy = lim [[x, (9 + 8)(¥(0) — g(w)(0))

— k1 (9)(¥(0) — gw)(0))]]
< 11¥(0) = gw) (O] Lim [11e1 (9 + 8) — s I

< (1P| + k) lim {11 (9 + 8) = k1 )] I = 0,
and this limitis independent of the choice of w € By, .
Next, by (19) and Hélder's inequality, it follows that:
9+6
lim G, < M, lim L @ +6 - (JlE@I]
+1lQlI[vwe@|1)dr
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9+8
<M, [(lsi_rgf19 ®+6—1) @y, (1)dr

9+8
+N1imf W+46
5-0 9

— DY |0y, £ () ||d7]
p-1
. 9+6 PO-D N\ 5
< Mol on,|lirer ) };B}, (fg PO+ —1) dr)
9+6
5 i _ y-1 —
+MN|[Uy e |10 (r ) lim Jo @+8—1)ldr=0,
and this limit is independent of the choice of w € Bno_
For Gz, note that for almost every 9 € T,|[§()]| < ¢, (9) .

Moreover, from (19), for almost every 9 € T, we obtain:

[lo (©us@)]| < el o]
< N2[|lwal| + [lgw) O] + My ([Iwol| + [1lgw)(O)1])

k=m 9
@Dy Y RWID + [ 00 - 5@
k=1 0

]

k=m
< N2{Jlwl| + ke + M (ol + 1) + My Y o) + Man [l ],

k=1

Then, in view of (21), we have:

9
lim G4 SJ- lim||k, (9 +6 — 1) — K, (9 — 1)])é(0)dr]|
5-0 0 5-0

9
+1vf0 L ||[x2 (0 + 8 — 1) — k(9 — 1)]Q (UW,;(ﬁ)) [ldT

In view of the definition of kx,, we conclude that (lsim G; =0,
-0

independently of the choice of W.
Case2.Let9, 9+ 8 € T;,i €11,.

[ly*@ +8) =y @] = |[ly® + &) — y@®)|

< || (9 + &) (P (0) — g(w)(0))
— 1, (9)(P(0) — gw)(0))]|
k=i
£ 1@ + 8 =9 =120 = 9 [ (no)1|
k=1

+| Jﬂw k(9 + 38 —1) (é’(f) +Q (Uw,g(r))) dr
0

Y
- [ k@ -0 (60 + 0 (Vus ) ) ar
0
As in the previous case, we get gll:%| ly(® + &) —y@)I| = 0.

Case 3. Letd = I;; i €I1;,8 > 0 and T > 0 such that9; + 6 €
Tiand¥; <7 <9;+ 8 < 9;41.Then,
[ly*(; + 8) —y*W)I| = Tlirlglflly(ﬁi +8) —y@l|
Note that, l
[ly@; +6) — y@|
< i1 (9 + 8)(¥(0) — gw)(0))
— 16, (@)(#(0) = gw)()]]

k=T

+ ) Iy @i + 8 = 9 (W(Bi)) — 11 (A = 9L w )|
k=1

9;+6
+| fo K (9 + 6 — 1) (f(r) +Q (UW,E(T))) dr
_ foﬁi Ko (T — 1) (f(r) +0 (Uw,g(r)» dr.

As in the first case, we get (lsin(% ||}’(’91+ +6)— y(‘L’)|| =0.Asa
-
‘r—>19i+
consequence of this discussion, the set K|z, is Equi continuous for
every i € [l.
Step 3. The graph OfR|Bn0 is closed.

Let w, & win By and z, € R(wy,) with z,, - z in H. We must
p

show thatz € R(w). Foreachn > 1, let &, € Te(,wi)) be such

that:

2,(9)
0,9 € (—o0,0],

9
1 O)(P(0) — g(w,)(0)) + f 19— 1) (fn(r) +Q (wagn(r))> dr,v €Ty,
0
119 (W(0) — g(w,)(0)) + 1, — 91 (W (97))
9
Y- n w, dr, ,
+f0 1 (9 — 1) (E (r)+.Q (v mgn(r))) TUET,

k=m

KOO~ gW)©) + ) (0 = 9l (wa(05))

k=1

+ f" K9 — 1) (én(r) +Q (mefn('[))) dt,v €Ty,
0

Inview of (HF), [|E,(9)1| < £, (9),¥n = 1,andfora.e.d €
T. Hence, the set {&,:n = 1} is weakly compact in LP(T, E). Since
p > 1, we can assume that &, converges weakly to a function § €
LP(T,E) . Thanks to Mazur's lemma, there exists a sequence
(¢n)n=1, where each Gy, is a convex combination of §; with j = n,
and ¢, — & strongly in L*(T, E). Let

Z,(9)
0,9 € (—,0],

9
K1(19)(‘~l’(0) - g(Wn)(O)) + f K,(9 — 1) (gn(r) +Q (mezn(r))) dt,v €T,
0
1 () (W(0) = gwn)(0)) + K1 (9 = 9) 1 (W (97))
9
Y- n Uw Z dr, Ty,
+f0 i ( T)(c (r)+.Q( M(r))) v €T,
k=m

K1(19)(W0 - g(Wn)(O)) + ACES ﬁk)[k(wn(ﬁl:))

k=1

+ f: (9 = 1) (Cn(‘f) +Q mezn(r))) dt,v € Ty,

Note that,Z,; = z and foreach? € T, and each 7 € (0, 9], we get:

|12 = Dn (D] < Mo (¥ — 1), (2); YR 2 1.

Because K is continuous, it follows that,

9 9
(22) lim f K, (9 — T)gu(T)dT = f K, (9 — 1)é(1)dT.
n=©Jo 0

From (22), (Hgs), the continuity of 471, k; and (14), we obtain
lim0,, , =Uy¢ , in L°(T,w) . So, lim0U,, , @)=
n-oo n-oo

Uy,:(9),a.e.9 €T . Because Q is continuous, it follows that
lim Q(U, 7, (9)) = Q (Vy¢(9)), a.e.9 € T,in E. Therefore,
n-oo

by the Lebesgue dominated convergence theorem, we conclude,
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z(9)
0,9 € (—o0, 0],

9
K1 (9) (W(0) — gw)(0)) + f k(@ = DE @) + Q (Ve (), €T,
0
1 (0 (W) = gWw)(0)) + K1 (9 = 9L (WD)
9
- w dr, ,
+[ -0 (5@ +o(v «@))drver,

k=m

AOICIORFIOSIO) W ACESAIN C/)

k=1
+ f: (9 — 1) (f(T) +Q (UW,;(T))) dt,v € Ty,

Notice that, thanks to (3) it follows for 9 € T that

Lim [|(w)g = wlls = lim [1(w, = whs |l < € lim [lw, —
wl|s = 0.

This implies with the upper semi continuity of F@,.);a.e.9 €
T,§(9) € F(9,wy),a.e.9 € T. This proves that the graph of R is
closed.

Step 4. Llet K S B, bedefined as K = conv({0} U
R(K)),With K = B where B € K is countable. We claim that K is
relatively compact. From Step 2, we know that K is equicontinuous
oneach T,; i € Il,. It remains to show that the set {K(9); 9 € T} is
relatively compact in E . Since B € K = conv({0} U R(K)) is
countable, we can find a countable set H = {y,;:n = 1} € R(K)
such that B € conv({0} U H). Then, forany¥ € T,

@3 x(K®) = x(BO)x(H®) = xym®):n = 1}
Now, for any n =1, let w,, € K S By, with y, € R(wy,). Then,
there exists &,(9) € Tg(ﬂ,(wn)g) such  that ||vfn(l9)|| <
@n,(¥),a.e.,¥n = 1. Moreover,

Yu()
0,9 € (—o0,0],

9
K (9)(wo — gW)(©)) + f 1200 = D) (6n (D) + Q (Vw, 6, (D v, v €T,
0
1 (9) (wo — gW)(0)) + 1 (9 — 9L (w(B1))
9
+f0 K, (9 — 1) (fn(f) +.Q (an,fn(f))) dr,v €Ty,
I;’,:m

K1(19)(W0 - 9(W)(0)) + ACKS ﬂk)lk(w(ﬂ}:))

=1
+ fﬁ Ky (9 = T) (fn(‘l') +Q (an.fn(f)» dt,v € Ty,
0

Then, by using the properties of the measure of noncompactness
(Kamenskii eral/, 2011) we obtain:

X (@):n = 13
0,9 € (—o,0],

X{K1(19)(Wo - g(Wn)(O)):n = 1}
9
+x {f K, (9 — 1) ({n(r) +0Q (an,gn(r))) duin > 1},

vET,,
{1, @) (wo — gw,)(0)):n = 13

+ ) 1k @ =9 (w,(3)):n = 1}

k=1

+)({fﬁ 10,9 —T) ({n(r) +Q (an,gn(r))) du:n =1},

vET,i €Il

IA
=

Now, by (Hgs), the set {g(w,,)(0):n = 1} is relatively compact.

Hence, foreachd € T,

24 (WD)
é(‘gn)(o)):n >1}=0. x{re1 () (¥(0)

Furthermore, since each IK is compact for k € 114, it follows that
foreachd € T,

(25) xie (9 -
V) U (W (97))):n = 1} = 0.

Next, we estimate the quantity X{fj K, (9 — )¢, (T)dT: k = 1},
where 9 € T isfixed. Note that, from (HF3),itholdsfora.e.9 € T
e, )k = 1} < x{5(0. wp), ) k = 1}
<BW) sup x{(wi)e(@):k =1}
6€(—,0]

= ,3(19)9 sEup ]X{Wk(ﬁ +6):k=1}
€(—0,0
= p®) é}f)pﬁ] xwe(8):k = 1} < B@)x (K ()

(26)  <Bx(K®)=pQ®) .

Note that, p € LP(T,R"). According to Bader eral. (2001), for every
€ > 0, there exists a compact set K, a measurable set T, c T with
measure less than €, and a sequence of functions {g,"i} C LP(T,E)
suchthat{¢5(t):k = 1} € K, 71 € T and

27) ||Ek(1') - c,ﬁ(r)” <2p(t) + ¢ foreachk =

land eacht €T —T,.

Next, consider the linear continuous operator G:LP(T,E) —
C(T,E) defined by:

(28) 6@®) = [ 16,9 — Dz()dr, VO € T.

Combine (26)—(28), foralld € T andall k = 1, we obtain:

I

9
|w@um—a«@wNSnM4fnﬁ@ywﬂﬂWde
0
=l 6@ - @I de
[0,9]-T¢

1
+f 16.(0) — (@[] del?
[0,9]NT,

< nM, [f 2p(®) + &P dr
[Olﬁ]_Ts

1
+f 160 = E @I delp
[0,9]nT,

By taking into account that € is arbitrary, we get for all 9 € T and all
r=>1

16 () = GG < 20M, (f (o) dr .
Since {¢x(1): k = 1} € K., x{G () (®):r = 1} = 0. Thus, for all
9€eT
9
X({f K, —1)é.(Ddr:r = 1})
0

= x{G(E)W):r =1}
< xGE)®) - G(sHW):r =2 1}
< x{GE)W) - 6(HW):r = 1}
< 2n0M; (J (p(@)" dr);
(29) < 277M2XH(Z)||,3||LP(T,R+)-
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Next, we estimate the quantity X({ff K, (9 —
1)Q(Uy, ¢, (Ddr:7 2 1}) From (24), (25), (29) and the fact that
A~%is linear and bounded, we have:
XL”(T,W){UWT,fr: r= 1}

< Nxfw; — gw,) — k1 (@) (wo — g(wy))

k=m

— Z 16 (@ — 9 ) I (wr (97))

k=1

_ fwkz(w - D @drr = 1}
0

= N)({fwkz(w —1)&.(t)dr:r € N}
0

(30) < 2NManxse (DB e r vy
Now, consider the linear continuous operator ©:L%(T,w) —
C(T,E), where ©(h)(9) = [ k(8 — ©)Q(h(x))dz. Then, by
(30), we obtain:

9
X ({f k(9 —T)QUy, ¢, (Ddr: 7 = 1}) = X{Q(Uwr,fr)””
0

>1})
< ||@||XL°°(T,w){Uwr,§r:r >1}
14
G < 22 N2M3n s 1Bl s,

By combining (24), (25), (29) and (31) we obtain:

= max y(K(9)) < max y(H(9)) = max y{y.(9): 7 = 1}

2. @
< 2o (KIZMN1BI] o [+ NZMg 2| < e (KO).
This leads to yp¢(K), and consequently, K is relatively compact.

Step 5. In this step, we demonstrate that, if @ S Bno is compact, then
R(O) isrelatively compact. Let y,, € R(0©),n = 1.Then, there exists
Wp,m =1, such that y,, € R(wy,) . Hence, there exists &, €
T;'Z(-,(Wn)ﬁ) such that, ford € T,
V()

9
K@) o = gWIO) + [ 1,0 =) (50 + @ (V) ) drv € T,

0

Kl(ﬁ)(wo - g(W)) +1,(9 — 191)11(W('91_))

+ J‘Oﬁ Ky (19 - T) ({n(T) + Q (wasrn(‘[))> dT.U € Tl,
ke=m

B @) (wo = 9O + Y 10, = 8w

k=1

+ f: (9 — 1) (fn(‘f) +0Q (an,fn(f))) dr,v € Ty,

We must show that the setZ = {y,:n = 1} is relatively compact in
H. Asin Step 2, it follows that the set Z| 7. is equicontinuous for each
i €Ily . In addition, since @ is compact in H , we
have sup x{wy(6):k =1} = 0, and hence, from (HF3) we get
5€0,9]
fora.e. 9 € T:
28 (9):k = 1} < ){F(r, Wi)9): k = 1}
< B®) oS x{wi)s(0):k = 1}
=B®) sup x{iw(®@+06)k=>1}
1

6€(—,0

=) sup x{w,(6):k =1} =0.
5€[0,9]

Following the arguments in Step 4, we obtains for all 9 €T,
x{n(@):n = 1} = 0, which shows that R(0) is relatively compact.

As a consequence of Steps 1to 5 and Lemma 2, we conclude that the
operator R has a fixed point. Therefore, the problem (1.1) is
controllable.

2.2. Controllability result for the system (2):
Consider the following assumptions:

(HF,)* There exists a function ¢ € LP(T,R*) such that for any
weEpf

(32) F@,wWI| < e@)(1+ |lwl|).fora.e.9 €
T.

(Hg1)* Therearea,d € (0, o) with

(33) HgW) (Ol < aIIwIIﬁw +d,Yw € By.

(HI)* For each i€ I, 1; is continuous and compact and there is
o; > 0, such that

(34) I1:w)|I< ail|w]|,w € E.
(HA)* The linear bounded operator 4: LP (T, X) — E defined by

w
4@ = [ wo(@ - D)
0
has a bounded inverse A™1.
Theorem 2. Assume that (HF,),
(HF)", (HF3), (Hgy)*, (Hgy), (Hgs), (HD)® and (HA) are
verified. Then, the system (2) is controllable on T provided that
@s) 2Man 1B 1oy [ 1+
27 @
N2My 2 ] <1,
and
14
(36)  Mi(a+0)+Msllglliperanyn + My ZN2 [a +
My(a+0) + Mool iy o] < 1

where 77 is defined in the statement of Theorem 1,0 = Y=™ g, and
R > Osuchthat |[[A71]| < Xand ||V]| < K.

Proof. Since the proof is similar to the proof of Theorem1, we will
focus on the difference. Using (HA), for anyw € H and any ¢ €
LY(T,E) with £(9) € F(I9,wg),a.e., we define the control
function z,, ¢ € LP(T,w) by:

Zwe = A w, — g(W]zEO) — K (w)(‘l’(O) - g(W)(O))
= ) @ = B W)

- k=1
B [y k(@ -0é@dr].
Therefore, we can define a multi valued operator R: H — 27 as
follows: letw € #.Afunctiony € R(w) if and only if

(38) % ®) =
0,9 € (—,0],
16 0)(#(0) = gw) (@) + [ 1,0 — DE® + (V) @)dr,v € T,
K, (9) (wo — g(w)(O)) S ACES DA (W(ﬁ{))

16, (9 (P(0) = gw)(0)) + ZHET 16, (9 = 9L (w(B5))

+ fo'g 1,9 — 1) (E(T) + (Vzw,f)(f)) dtveT,i=1,..,m,
where é € T%‘(VW(.)). As above, we can show thatif W is a fixed point
for R, then the function w: (—oo, @] — E, defined by:

_ (Y@ —gw)(®),9 € (—x,0],

w ) ={"" oo € D0,
is a mild solution for Problem (2) and satisfies w(0) = ¥ (0) —
gw)(0) and w(w) =w; — g(w)(0) Let Zo={we
H: ||W|| < r},where T is a positive real number such that
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Q
(39) P <r,

where
0 = My([Iwol| + d) + Myl oty + Mz_R [[ws 1] +

and

w = M(a+ o) + Mpllpllprreyn + Mz—Nz[a + M, (a+
8) + Monllolle(rrt]

Step1. In this step we claim thatR(Zo) € Zy.Suppose w € Z; and
y € R(w).Then, there exists § € ‘E}—( wy) suchthaty satlsﬁes (38).

Since p >; the function T = (9 — 7)¥~! belongs to LP p=1(T —
R*), hence, using (HF,)* and Hélder's inequality, we get:

9 9
I f 12 (8 — DE@dr]| < My(1+7) f @ - D p()dr
0 0
9 y-Dp pT_l
< (1 +Mallollearyy <f ®—-1) Pt dT)
0

(40) < @A +r)Manlloll @), ver -
and

I f 0200 = (V¢ )@l

< sz @® — 1) Y|(Vy,, ) (0| 1dr
(41 = M2||Vzw,§||LP(T,E)77-

Next, according to the definition of Zy g and (40), we get:
||Vzwé| |LP(TE) < ||V||||ZW">;||L”(T,X)

< VAT [[lwl] + |lgw )(O)IQ
+ |IK1(w)|| [1# @] + [lgw) (0)1])

e St - 001l |G|

k=3
f||xz(w—r)||||e(r)||dr]

||w1|| +ar+d +M1(||'P(0)I| +ar+ d) +Mro
+ (1 + )Manllel|errh
42) =g
Combine (41) and (42) to get
9 14
(43) 1y 12 = (V. £)@adrl] < M=
Letd € Ty. By using (40), (43) and (Hg)", we get:
(44) ||y(19)U <M, (|l# ]| +ar +d) + My(1 +
w
@I oy gy + M2 =6

Likewise, by using (Hy)* and (HI)*, we get for all ¥ € Tj,i =
1,2,..,m

< M1(||W0|| +ar+d+ar)
+M,(1+7)|lol|

fnid
warhT T MzTC
oV
= My([Iwol| + d) + M|l g goyn + Mo —= X2 lwa ] +d
+ M1(||Wo|| +d)
+M277||(P||Lp(TR+) +r[M;(a+o0)+
M2||(p||Lp(T]R+)77
(45) +M, —Nz[a +M(a+0)+ M2n||(p||Lp(T .}
In view of (39) and (45), we conclude that R(Zy) S Z,.

Step 2. Letk = R(Z;). By following the same arguments from Step
2 and 3 in the proof of Theorem, one can show that the set k|7, is
equicontinuous for each i € I1y, where

ki ={y" € C(T,,E) y@=y@®,9eT;, , y©)=
97,5 €

and the graph of the multivalued function :R|ZO:Z0 — 2%0 s
closed.

Step 3. Let M € Zo, M = conv({wo} UR(M)),and M = C
with € € M countable. We demonstrate that M is relatively
compact. Because M is equicontinuous on each T, i € My, we only
need to show that M (9) is relatively compact in E. From the
countability of C and € € M = conv({wy} U R(M)), we can
find a countable set H={y,:n =1} S R(M) with C ES
conv({wy} U H). Therefore,

x(M®) < x(CW) < x(HW)) = x{ya(®):n=1}L9 €T.

In the same manner as in the fourth step of the proof of Theorem 1,
we can demonstrate that

_— —w?
Xy @):n 2 13 < xoe(@)2 M| |BI] gy [ + XM =],
Thus, b)l (35), ch(M) =0.
Step 4. R maps compact sets into relatively compact sets.

This can be proven by following the same arguments as in Step 5 of
the proof of Theorem 1.

Finally, by applying Lemma 2, the proof is complete.
Corollary 1. If we replaced (HF;)* with:

(HF,)** Thereisa@ € LP (T, R*) such thatforanyw € E
[IFO,wWI| < 9@®), a.e.d€T.

then, the condition (36) becomes

(46) mm+@+m§vm+mm+m<1
Proof. Let 7 > 0 and suppose it satisfies

(47) < <,
1-M; (a+zr)+M27N2 [a+M;(a+0)]

where
&= M1(||‘P(0)|| + d) + Mon|lolleorrt
Y
(48) + MZ%N2[|IW1I| +d+ M ([lPOI] +d) +
M|l o o]
We just need to check R(By) € By, where By = {w € H: ||w|| <
r}.Letw € Byandy € R(w). Then, thereis ¢ € Tg(_’w(_)) such that

Y satisfies (38). As in Step 1 of the proof of Theorem 2, we obtain the
estimate:

lly@I| < My (|1 )I| + ar + d + or) + My |lol| . o
v :
+ Mzw_C
=M, (|l¥O)I|+ar+d+or)+ lel(pllm(r,na’f)n

Y
+M2w—x2[||w1|| +ar+d+ M (||¥0)] +ar+d)
Y
+ Myro + Man|lol|
= M, ([ O)I] + d) + Malol] ey
s
+M27N2 ||w1|| +d+
M, ([P O)I] + ) + Mol o )
(49) +r[M1(a+cr)+M27N2(a+M1(a+J))]; 9€eT.
It follows from (46)—(49) that R (@) S By.
Remark 1. The controllability of (2) can be achieved by adopting the

LP(T,R+)]'

assumptions and arguments used in Theorem 1. The same applies to
the controllability of (1).

Example
Assume that g: (—0, 0] = (=0, 0] is a continuous function with

L= f_ooo 0(t)dr < m,and et B, be the vector space of all functions
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w: (=00, 0] = E which is bounded and measurable on [—7, 0] for
eachr > 0, and satisfy f_ooo 0(7) supyefrop lIWw@)|| dr < . Itis
known that, BQ is a phase space that fulfils all assumptions of
Definition 1, with the norm given by [lwllp, =
f_ow (1) supge(r,o) [ lw(@)|| dt (Karthikeyan er al, 2021).
let 2={t=(1y,7):t2+12<1}, and E=w=1%(Q) .
Define an operator A: D(A) € E - E by
(50) Alu) == Au—u,
with D(4) = H2(2) N H} (). Itis known that (Ren er af, 2019) A
is a sectorial operator. Let T = [01l,m=20=9,<9;, = % <
Y, = % < 93 = 1, Z be anon-empty, compact and convex subset of
E,v = sup,ez||z||. Consider F: T X B, — Pci(E) defined by:
(51) F(5,¢) ={z€E:z(x) =
A Z,t = (11,7,)}

s(1+[lyl[)

where r > 1 then,

2 1
176wl = sup alle = sup ([ [lzI[* ael?
ZEF(5,) 2EF(P) Jo

-9 1
= [ ad o ange
(1+||1/)||1; 0 Y
(52) <elyl| < e (|Iyl] + 1)
In addition, letd € T, 11,1, € B, and z; € F(I,1P1). Then,

e‘”’ﬂ/riﬂﬁ sup [l1(0)]|w
0€(—00,0]

Zl - " , W € Z
e [t3+13 sup |l ()|lw
0€(—0,0]
Put Zy = ,WEZ

Obviously, z, € F(9,1Y5) and

llz1 — zo|| < e ™[ sup |l (0)]|
6e(—,0]

1
~ sup ||w2(9)||][f |zlde]z
6€e(—,0] Q
=e sup (|[1(OI] —|lw2(O])
6€(—x,0]
<e™ sup [l1(0) — 2 (0)l
6e(—,0]
which yields
(53) h(FQ®, ®,), FO, Py))
<e ™ sup |[$1(8) — ()], VI €
6€(—,0]
T,®,,®, € B,.

’

It follows from (52) that, for any bounded subset, Q,of BQ one has
XF@,0) <e™ sup x(O):p € Q.
6€e(—,0]

Then, assumptions (HF;), (HF,)* and (HF3) are satisfied. Let
9g: B — B be defined by

(54)  gW®) = (w(®)); 9 € (—,0],w € By,

where A >0 and Y:E - E is a linear, bounded and compact
operator. Notice  that  ||g(w)(0)|| < AIY][Iw(0)]] <
1Y 1[[lwl|g,, . Therefore, (Hg,)" is verified with a = A||Y]| and
d = 0. Letw, = win Bg. Then,w,(0) — w(0) in E, and hence
gwp)(0) = g(w)(0). Moreover, if D is a bounded subset in By,
then, from the compactness of 9, the set {g(w)(0):w € D} is
relatively compact in E. So, (Hg,) and (Hgs3) are satisfied. Let
Ii:E — E (i = 1, 2) be defined by

(55) L;(w) = a;Y (w),

where Oj are positive real numbers. Next, suppose V: LP (T, w) —
LP(T,E) is a bounded linear operator such that the operator

A:LP(T,w) — E defined by

(56) A@2) = [} ka(@ — D) () (1)dx,

has a bounded inverse A™1: E — LP(T,w)/Ker(4). Let X > 0
with [JA7|| £ X and ||V|| < X. By choosing 1, 4,9, 63, 0, such
that the inequalities (35) and (36) are satisfied, we can apply Theorem
2. Therefore, the system (2) is controllable, where 4, F, g, I;, V and A
are given by (51) and (53)— (56).

3. Discussion and Conclusion

In recent years, there have been many contributions concerning
various kinds of controllability of different types of differential
equations and inclusions involving fractional derivatives. Some of
these works have considered problems with finite or infinite delay,
infinite delay and impulsive effects. Others have treated problems
generated by semigroups of operators, sectorial operators and almost
sectorial operators. However, to the best of our knowledge, the
controllability of Caputo fractional differential inclusions generated
by sectorial operators and in the presence of nonlocal conditions,
impulses and infinite delay has not yet been treated.

In this paper, we fill this gap and prove the exact controllability of two
fractional differential inclusions generated by sectorial operators in
infinite-dimensional spaces and with impulses, infinite delay and
nonlocal conditions.

We did not assume, similar to Alsaroria and Ghadle (2022), that the
families of operators {x; (9):9 > 0} and {KZ (9):9 > 0}, which
are generated by A, are compact, and this increases the importance of
this work.

Our technique was based on the properties of phase spaces,
fractional sectorial operators, multi-valued functions, the Hausdorff
measure of noncompactness and a fixed-point theorem for multi-
valued functions.

Since fractional calculus has many applications in medicine, energy
and other fields of science, this work contributes to these
applications.

Many directions for future work are possible. Indeed, our technique

can be used to:

a.  Generalise the results in Alsheekhhussain and Ibrahim (2021) and
Kumar er a/. (2022) to the case when the nonlinear term is a multi-
valued function.

b.  Extend the obtained results in Abbas (2020), Almarri and Elshenhab
(2022), Varun eral (2022) and Mohan er a/ (2024), in the presence of
impulses, nonlocal conditions and infinite delay, and when the linear
term is a fractional sectorial operator and the nonlinear term is a multi-
valued function.

c.  Extend the work in both Almarri and Elshenhab (2022) and
Karthikeyan er a/ (2021) when the delay is infinite.

d.  Study the controllability of the considered problem in Raja er al.
(2025).
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